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The issue of the dissipative normal nonlinear Hertz type contact, extensively explored in the discrete
element simulations, is addressed. As several viscoelastic normal contact force models equally coexist,
selected viscous damping models for spherical contacts (Lee and Hermann, 1999; Tsuji et al., 1992;
Kuwabara and Kono, 1987; Hu et al., 2011) are investigated, and a comparative evaluation of these
models in single particle and granular chain impact situations is presented. It is shown that these models
can be characterised by different values of the inter-particle displacement (overlap) exponent equal to 0,
0.25, 0.5 and 1.5, respectively. A benchmarking is performed in terms of non-dimensional variables,
where a variation of the damping ratio and the contact force for a wide range of coefficient of restitutions
is studied. The main purpose of this study is to demonstrate the contribution of models to the propaga-
tion of force in a chain of contacting particles. Numerical results and their validation against an available
experiments are given. The sensitivity of models to the impact velocity is also illustrated. Finally, based
on the investigation’s results, conclusions and recommendations for DEM simulations are given.
� 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder
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1. Introduction It is worth mentioning that, regardless of the actual particle
The Discrete Element Method (DEM) introduced by Cundall and
Strack [1] has been widely recognised as the most suitable numer-
ical technique for simulating the behaviour of granular materials
on both microscopic and macroscopic scales. As the dynamic state
of a particles system on the macroscale is governed by the
evolution of single contacts during (in the simplest case) binary
collisions on the microscale, a simplified but still realistic descrip-
tion of the contact between interacting particles represents the
most essential task in a DEM simulation. Generally, the contact
problem of particles during binary collisions can be resolved in
the framework of contact mechanics on the continuum level. The
fundamentals of the contact phenomena, as well as the description
of interaction laws and numerous applications may be found in
Johnson [2], Wriggers [3], Matuttis and Chen [4]. Comprehensive
reviews of theoretical models for various contact forces extensively
used in the DEM are presented in the DEM-related works by
Schäfer et al. [5], Džiugys and Peters [6], Zhang et al. [7], Lu et al.
[8], and the references therein.
shape, forces (torques) and displacements (rotations) in the parti-
cle contact point are usually considered by two perpendicular
components normal and tangential to the contact surface. Note
that our study is limited to normal contact analysis. However, it’s
worth to mention that there are cases when major part of energy
losses could be caused by the contact force in tangential direction
due to the tangential damping or friction force. This case occurs
when particles velocity is relatively low and density of particles
occupied volume is high.

The most important aspect attributed to DEM contact force
models is the physical nature of the contact. The elastic (reversible
and non-dissipative) behaviour is well understood. A collision is
elastic when the contact displacement is independent of the dis-
placement rate and any consolidation time. The elastic contact of
a spherical particle in the approach and repulsion phase is
described by Hertz theory [2]. A particular focus on normal con-
tacts and extensive reviews may be found in Stevens and Hrenya
[9] and Kruggel-Emden et al. [10], who studied binary collisions
based on experimental data involving different material combina-
tions and contact mechanisms.

In contrast to elastic contact behaviour, the interpretation of the
dissipative behaviour in non-elastic contacts is more complicated.
Usually, two dissipation mechanisms, i.e. elastic–plastic and
viscoelastic, dominate in a normal contact. A plastic collision
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leaves the involved particle permanently deformed, but the defor-
mation of a body in this case is independent of the displacement
rate (cf. [4,11]).

In the case of a viscoelastic contact, the contact deformation of
particles is reversible, but the displacement itself shows a depen-
dence on the displacement rate and possible consolidation time.
In most of the earlier DEM studies, the viscoelastic contact is trea-
ted using a linear interaction model consisting of a linear spring
and linear dashpot (LSD), where the dissipative behaviour is char-
acterised by a single constant. In spite of computational simplicity,
the linear model possesses physical inconsistencies such as the
jump of the contact force at the beginning of the collision or the
occurrence of artificial attraction and a constant impact velocity
independent duration of contact (see [6,12]). To overcome some
of the limitations such as the non-zero force towards the end of
a contact, linear spring dashpot (LSD) models were sometime being
assumed to cease when the contact force assumed a value of zero
instead of the overlap being zero (cf. [13]). However, such model
modifications fix only some of the problems related to LSD models
[10].

Extending (LSD) models combinations of the Hertzian spring
with dashpots are classified as non-linear, or Hertzian (HSD),
models. Since nonlinear dashpots are constructed based on differ-
ent assumptions, various viscous damping models of different
complexity were elaborated theoretically and applied in DEM
simulations.

It is worth noting that parameters involved into the dashpot
model do not always possess clear physical meanings. The model,
combining the nonlinear Hertzian spring with a linear dashpot
characterised by zero exponent, which was proposed by Lee and
Herrmann [14], may be also classified to the category of non-
linear models. This model [14] produces several physical inconsis-
tencies as the linear LSD models, but offers a varying collision time
[10]. A refined nonlinear damping model based on the theory of
viscous-elastic continuum materials was proposed by Kuwabara
and Kono [15], while an analogous formulation was later discussed
by Brilliantov et al. [16]. This model is applicable to the collision of
viscoelastic spheres. Tsuji et al. [17] heuristically derived a damp-
ing model, where the coefficient of restitution is independent of
the initial contact velocity. It is worth noting that the HSD type
Tsuji model also produces some physical inconsistencies that were
observed for linear models; the collision time is however impact
velocity dependent and for zero overlap the contact force is zero
as expected [10]. Still, all 3 (HSD) models [14,15,17] suffer from
an un-physical attractive force during the evolution of the contact.
An attempt to avoid the physically incorrect attraction force has
been made by Hu et al. [18], where a modification of the Tsuji
model exhibiting a hysteresis without attraction was suggested.
Matuttis [19] also made a suggestion to overcome the attractive
force within normal force models. It was applied successfully for
contacts of polygonal particles. However, the proposed model
extension results in a non-continuous evolution of the contact
force. The briefly discussed (HSD) models excluding the modifica-
tion by Matuttis [19] are considered hereafter, and they are
denoted by the abbreviations LH, KK, TS and HU, respectively.

Since direct evaluation of the physically adjustable macroscopic
dissipative constants of the material is extremely difficult, the con-
cept of the coefficient of restitution (COR) [20,21] has been exten-
sively explored. The COR is a parameter whose value is relatively
easy accessible during an impact experiment. In order to adjust
the coefficients of the dissipative models, experimental data are
required. Various aspects of damping in binary and to a limited
extent in multiple contacts have been investigated by several
authors, e.g. Luding et al. [22], Matuttis [19], Rosas et al. [23], Anty-
pov and Elliott [24], Malone and Xu [25], Gharib and Hurmuzlu
[26], Ray et al. [27]. The focus in [19,23–25] was set on evaluating
the mechanisms of energy dissipation and analysing the analogies
between linear and non-linear models to derive adequate parame-
ters. It can be summarised that evaluation of damping during
binary interaction is an important aspect but not the final issue
as the question remains how damping affects the different coexist-
ing force models and to answer the admittedly difficult question of
which force model/models to favour from the coexisting ones in
this context.

Damping plays an important role in a variety of applied prob-
lems. It should be noted that the dissipation of impact energy in
a multi-particle damper [28,29] or the propagation of dynamic
force waves in powder mixtures [30], soils [31,32] and silo quakes
[33] can be mentioned as representative illustrations. The dissipa-
tive nature of a granular system is essentially the summed process
of multiple inelastic collisions on the particle level. Therefore, a
demonstration of the contribution of the damping and, more
definitely of particular damping models, would be beneficial from
both theoretical and practical points of view.

Note that the dissipation of energy in multi-particle systems
differs, however, from what is observed in simple binary normal
interactions, because in multi-particle systems energy dissipates
through different mechanisms (e.g. shear, torsion, rolling). There-
fore, recovery of the contribution of normal damping is not a
simple task. Nonetheless, the normal contribution is usually still
the strongest, especially in dynamic behaviour of particle systems
[34].

Against this background, the role and essential features of vis-
coelastic damping during multiple normal contacts may be best
illustrated by the behaviour of one-dimensional systems. Particle
impact and the propagation of compression waves in granular
chains of spherical particles are therefore subjects which have
been studied from many points of view. Extensive work has been
conducted over the past three decades to observe and analyse
the wave propagation in granular media. Methodologically, most
of these studies have been focused on the comparison and
validation of numerical developments with the experimental
results [35–38] and in enriching fundamental knowledge. Theoret-
ical studies were aimed towards examining various aspects of the
force propagation in granular media that differ considerably from
the wave propagation in continuum matter. The different kinds
of granular columns [22,39] and chains, such as the tapered and
stepped chains [35,37,40–42] as well as disordered chains [43]
are investigated apart of mono-sized chains.

The paper presents a comparative analysis of the adequacy of
selected nonlinear viscous damping models. This motivates us to
perform further studies on the contribution of these damping mod-
els on the particle behaviour during the single contact and extend
it to a multi-particle system. The initial contribution of this
research was given in conference paper [44].

Since the dynamic behaviour of contacting particles is very sen-
sitive to many factors, the proper choice of damping models, or
systematic evaluation of available model is the issue to be known
before starting simulations. Here the aim, however, is to evaluate
and demonstrate the contribution of different models observed
in a single contact and chain impact situations. Based on these
investigations, recommendations for the selection of non-linear
viscoelastic models for DEM applications are given.

The paper is organised as follows. The simulation methodology
and description of collision process comprising viscoelastic damp-
ing models under consideration is described in Section 2. The non-
dimensional formulation with the focus on finding model specific
damping ratios is presented in Section 3. Numerical results for par-
ticle impact containing comparative analysis contact force and
contribution of impact velocity are demonstrated in Section 4.
Simulation results for the granular chain impact are shown and
discussed in Section 5.
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2. Simulation methodology and description of collision process

2.1. Basics of the discrete element method

Within the DEM simulation methodology a granular medium is
assumed to be a discrete set composed of a finite number N spher-
ical visco-elastic non-cohesive particles considered as discrete ele-
ments. An arbitrary particle (i = 1, 2, . . ., N) is defined by the radius
Ri, the mass density qi and, consequently, the mass mi. The elastic
non-dissipative properties of a particle are defined by the Young’s
modulus Ei and the Poisson’s ratio mi. Viscous properties will be dis-
cussed below.

Discussion is restricted by translational motion, while an arbi-
trary particle i in time t is considered in the global Cartesian frame
of reference. It is characterised by the position vector of the particle
mass centre xi(t), translational velocity viðtÞ ¼ _xiðtÞ ¼ d _xiðtÞ=dt and
acceleration aiðtÞ ¼ €xiðtÞ ¼ d2xiðtÞ=dt2, where over dot stands for
the time derivatives. The particle motion is described by the New-
ton’s second law resulting in the second-order ordinary differential
equation written as follows:

mi€xiðtÞ ¼ FiðtÞ; ð1Þ

where the vector Fi stands for the resultant vector of the inter-
particle contact forces Fi and the gravity force acting on the centre
of an arbitrary spherical particle i.

It is assumed that, at time t = 0 the particles are in positions x0,i
and are entering into contact with each other under the impact
velocities v0,i. Thus, the initial conditions for Eq. (1) are as follows:

xið0Þ ¼ x0;i; _xið0Þ ¼ v0;i: ð2Þ
The inter-particle force vector Fij, at the contact point, describes

the contact between the particle i and the target j. It may be
expressed as a sum of the normal and tangential components,
Fn,ij and Ft,ij.

The details for explicit evaluation of the contact kinematics and
forces in terms normal and tangential components of spherical
particles may be found in [45–47]. The simulation was performed
using the Gear predictor–corrector fifth-order integration scheme
[48].
2.2. Collision setup

The collision process for the normal impact of the single particle
is considered in the following manner. It is resumed that
moving particle i collides the target denoted by subscript j, i.e.
another sphere or plane (half-space). The target properties are
defined in the same manner as impacting particle by material
parameters qj, Ej, mj and radius Rj, respectively. For the case
of a plane Rj =1. The particle-target system is characterised by
the effective mass (meff)�1 = (mi)�1 + (mj)�1, the effective
radius (Reff)�1 = (Ri)�1 + (Rj)�1 and the effective elasticity modulus

ðEeff Þ�1 ¼ðEi=ð1�v2
i ÞÞ

�1þðEj=ð1�v2
j ÞÞ

�1 of the contacting partners.
The collision process is illustrated in Fig. 1a, where three char-

acteristic positions, i.e. the initiation of the contact, transition from
compression to restitution and rebound, are shown. The deforma-
tion behaviour of particle in time during contact is characterised by
the inter-particle displacement h(t) meaning overlap of the colli-
sion partners. Collision starts at time instant t0. The reference time
t0 = 0 is assumed for the sake of convenience. The compression
phase is characterised by the increase of the displacement from
zero until maximal value hmax and lasts in time interval between
t0 and tcomp. The restitution phase is characterised by the decrease
of the displacement until full rebound and lasts in time interval
from tcomp until tr. Thus, the contact period during collision Tc,
lasting between t0 and the time instant of rebound tr, is defined
as Tc = tr � t0.

2.3. Evaluation of normal contact

The contact force acting on the colliding particles in the normal
direction may be defined by scalar quantities. The normal compo-
nent presents the repulsion force:

Fn;ijðtÞ ¼ FelðtÞ þ FdissðtÞ; ð3Þ

where Fel and Fdiss are elastic and dissipative force components,
respectively.

In fact, the normal contact between two particles is modelled by
a combined nonlinear spring and dashpot model (Fig. 1b).

The elastic behaviour of the normal contact is modelled by a
one-dimensional axial spring. The constitutive model expresses
the relationship between the conservative repulsion force Fel and
contact displacement, i.e. particle’s overlap h(t). In the case of the
Hertz contact law, Fel = FHertz, this relationship is nonlinear:

FHertzðtÞ ¼ Keff � ðhðtÞÞ3=2; ð4Þ
Contact properties are characterised by the effective axial

spring stiffness constant:

Keff ¼ 4
3
Eeff � ðReff Þ1=2; ð5Þ

which is predefined by the effective Young’s modulus and the effec-
tive particle radius.

The dissipative behaviour of the dashpot is characterised by the
dissipative force Fdiss. The relationship between the force Fdiss and

overlap rate (velocity) _h ¼ dh=dt at the contact point of the
colliding partners is defined as follows:

FdissðtÞ ¼ CðhðtÞÞ _hðtÞ: ð6Þ
This relationship is characterised by the resultant damping

parameter C, which reflects dissipative properties of both colliding
partners related to internal friction, or viscosity. It depends also on
their elasticity properties, masses as well as geometries and even
on factors of heuristic origin yielding final expressions for the
resultant damping parameter C = C(meff, Keff, h(t), . . .).

2.4. Viscoelastic damping models

To generalise our approach, selected viscoelastic damping mod-
els will be considered describing them separately. The selected are
denoted hereafter by subscript k (k = LH, TS, KK, HU). Focussing on
the contribution of the elastic deformation, an explicitly defined
generalised power-law dependency CkðhðtÞÞ ¼ CkðhðtÞbk Þ of the
damping parameter against the displacement h is manifested as:

CkðhðtÞÞ ¼ Cmod;k � hðtÞbk
� �

: ð7Þ

Here subscript k denotes the particular model, while power
factor bk presents a displacement exponent, which correlates the
contribution of the elastic properties to the overall dissipative
behaviour. Hence, this expression serves the formal unified tem-
plate for investigation of separate damping models. This approach
conceptually assumes viscous dissipation term depending on
elastic deformation, see Hunt and Crossley [20].

Facing the difficulties to distinguish physically adjustable
damping constants C in Eqs. (6) and (7), we can follow the tradi-
tional path expressing them via another non-dimensional parame-
ter, the coefficient of restitution (COR). The normal COR denoted by
e is defined as a scalar quantity (0 < e < 1), which relates the normal
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Fig. 1. Setup of normal viscoelastic collision: (a) characteristic positions of colliding particle in time and (b) constitutive interaction models.
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component of the impact velocity v0 ¼ _hðt0Þ and the rebound

velocity v r ¼ _hðtrÞ after the collision defined at time instant tr, as:

e ¼ _hðtrÞ=v0: ð8Þ
The evaluation of the relationship between the damping con-

stants Ck for each model k and the COR e will be discussed below.
The simplest and also most popular dissipative model is the lin-

ear dashpot model based on the linear dependency between of the
force and the displacement rate. The contact model combining lin-
ear dashpot model with the non-linear Hertz spring was proposed
by Lee and Hermann [14]. Originally in [14], the damping model
was defined by a simple expression:

CLH ¼ cLH �meff : ð9Þ
It is easy to find, that the resultant damping parameter of the LH

model CLH(h) = CLH(h0) may be considered as particular case of gen-
eral model (7) containing zero contribution of elastic deformation,
i.e., bLH = 0. Here, cLH is the characteristic model relevant constant
controlling dissipation, which is originally treated as an adjustable
parameter. A compact expression of the COR in terms of semi-
analytical approximations is recently provided by Ray et al. [27].

Another non-linear model was proposed by Tsuji et al. [17]. The
TS model is characterised by the displacement exponent bTS = 1/4,
where the load varying resultant viscous damping constant is
defined heuristically by the expression:

CTSðtÞ ¼ cTS �m1=2
eff � ðKeff Þ1=2 � ðhðtÞÞ1=4: ð10Þ

Here, the effective stiffness Keff stands for the Hertz stiffness
defined according to Eq. (5), while the viscous damping constant
cTS has to be known in advance. Tsuji [17], demonstrated that cTS
is non-dimensional empirical constant independent on the combi-
nation of mass meff and stiffness Keff, and it is uniquely related to
the coefficient of restitution e. The latest relationship cTS(e) is
demonstrated originally by graphical plot. An analytical expression
of them analogously to the linear model is given by several
authors, e.g. [18,24], as follows:

cTSðeÞ ¼ �
ffiffiffi
5

p
ln effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ln2eþ p2
p : ð11Þ

The nonlinear damping model proposed by Kuwabara and Kono
[15] is characterised by the exponent½. The original expression of
the resultant damping parameter CKK(t) for this model is defined as
follows:

CKKðtÞ ¼ cKK � Keff � ðhðtÞÞ1=2: ð12Þ
It involves stiffness Keff, displacement h(t) and viscous damping

constant cKK, which is originally thought to be a function of the
Young’s modulus, Poisson’s ratio and two analogously defined
viscous constants of material associated with volume and shear
deformation. The theoretical continuum-based explanation of the
dissipative term by exploring dissipative part of the stress tensor
is given by Brilliantov et al. [16], where the relationship between
cKK and the above mentioned material constants is derived analyt-
ically. Due to difficulties in obtaining of their values, dissipation
parameter is fitted as a function of COR, while a tabular form of
it is given originally by Kuwabara and Kono [15].

The damping model proposed and analysed by Hu et al. [18] is
characterised by:

CHUðtÞ ¼ cHU � Keff � ðhðtÞÞ3=2 � v�1
0 : ð13Þ

Eq. (13) was derived as an attempt to avoid non-physical attrac-
tion. Here, cHU is non-dimensional damping constant. In addition,
the analytical approximate expression is given for damping ratio
as follows:

cHUðeÞ ¼ � 6:66264 ln e
3:85238þ ln e

: ð14Þ

Here, the domain of the COR is defined between 0.05 and 1.0.
The underlying Eqs. (9), (10), (12) and (13) are presented in uni-

fied format where contribution of overlap is clearly distinguished.
However, deeper physical explanation and the role of other factors
remains beyond the scope of this investigation.

2.5. Equation of collision motion

To compare various damping models, a single particle impact-
ing a target is considered as the first setup. The equation of motion
(1) is simplified and transformed into the one-dimensional case.
Regarding the previous notation for the dissipative force, the
motion of particle during impact is expressed in terms of the
overlap h(t) and is rewritten as:

€hðtÞ þ Keff

meff
ðhðtÞÞ3=2 þ CkðhðtÞÞ

meff

_hðtÞ ¼ 0; ð15Þ

while the initial conditions in Eq. (2) are transformed into the fol-
lowing form:

hð0Þ ¼ 0; _hð0Þ ¼ v0: ð16Þ
This model forms the basis for the impact analysis.

3. Non-dimensional analysis for particle impact

3.1. Modelling approach

To generalise our approach, particle collision described by
Eq. (15) will be considered in a non-dimensional form. To proceed
non-dimensional analysis, the non-dimensional variables such as
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the relative time �t, the time dependent inter-particle contact dis-

placement �hð�tÞ, displacement rate �_hð�tÞ and acceleration �€hð�tÞ are
introduced in conventional form, [17,21,49]. Two independent
dimensional parameters, the length parameter L and the velocity
parameter v0, form the basis of the dimensional analysis.

The characteristic length L is the maximal compression overlap
for the equivalent undamped (elastic) Hertz contact problem. In
our case, the scaling parameter L is defined explicitly in terms of
three dimensional constants such as effective stiffness Keff, mass
meff and impact velocity v0 by the expression:

L ¼ a2=5 � ðKeff Þ�2=5 � ðmeff Þ2=5 � ðv0Þ4=5; ð17Þ
where the coefficient a = (5/4) is related to the elastic Hertz contact.

The non-dimensional time �t ¼ t=T is scaled by time parameter
T, which is related to length L by the impact velocity v0:

T ¼ L=v0: ð18Þ
Eq. (18) means the time during which the particle approaches

the target by distance of characteristic length. More definitely
the time parameter is related to duration of Hertz contact
T = THertz/2.94.

On the basis of Eqs. (17) and (18), the non-dimensional motion
variables are defined as:

�hð�tÞ ¼ hð�tÞ
L

; ð19Þ

�_hð�tÞ ¼
_hð�tÞ
v0

; ð20Þ

�€hð�tÞ ¼
€hð�tÞ � L
v2
0

: ð21Þ

Substituting the new notation into the dimensional equation of
motion (15), the desired non-dimensional form of this equation is
obtained:

�€hð�tÞ þ a � ð�hð�tÞÞ3=2 þ a1 � ckðeÞ � ð�hð�tÞÞbk � �_hð�tÞ ¼ 0: ð22Þ
Here the non-dimensional factor a1 ¼ að2ð1þbkÞ=5Þ is defined as a

model dependent quantity.
The non-dimensional Eq. (21) demonstrates that the damping

properties of the above phenomenological models are expressed
by the non-dimensional model-specific parameter, damping ratio
ck which is uniquely defined by the value of COR.

Analogously, initial conditions in Eq. (16) are also transformed
into non-dimensional form as follows:

�hð0Þ ¼ 0; _�hð0Þ ¼ 1: ð23Þ
3.2. Specification of damping parameters

It is obvious that for the comparison of the damping effect pro-
duced by different damping models, a unified treatment is
required. From the above considerations follows that each of the
damping models are characterised, as defined in Eqs. (9)–(13), by
the original model-specific resultant damping parameters Ck = Ck(ck)
denoted by capital C being related material specific damping ratios
constants ck. On the other hand, the non-dimensional Eq. (21)
implies the occurrence of the non-dimensional damping ratios
denoted with ck(e) being uniquely predefined by specified values
of COR.

Two issues have to be resolved to complete specification. The
first issue concerns an evaluation of the relationship ck(e). In most
of the practical cases, the fitted, but not the exact analytical expres-
sions, see Ray et al. [27], for this relationship exists. In numerical
modelling, the opposite situation occurs, and an inverse relation-

ship ck(e) is calculated. Thereby, the rebound velocity _hðTcÞ is
obtained by solving Eq. (8) for the known values of the damping
ratio ck and the specified impact velocity v0. As a result of a series
of numerical single particle numerical impact experiments is
required for calculating of the relationship ck(e) according to the
definition of the COR in Eq. (8).

The second issue is how to employ the non-dimensional solu-
tion of Eq. (21) for DEM simulations. To resolve this issue, the alter-
native expressions of model specific expression of the global
dimensional damping parameter Cmod,k = Cmod,k(e) could be
obtained by a backward substitution procedure. The modified
expression now reads:

Cmod;kðeÞ ¼ ckðeÞ �mbm;k

eff � KbK;k
eff � vbv ;k

0 : ð24Þ
Here, bm,k, bK,k, and bv,k, are power factors of mass, stiffness and

impact velocity which values can be extracted from the expres-
sions given in Table 1.

The original Eqs. (9)–(13) and modified Eqs. (25)–(28) of the
resultant damping parameters for all models are given in Table 1
for convenience. The treatment of damping parameters is per-
formed by applying the following algorithm:

� Selection of expressions for the damping parameter according
to Eqs. (9)–(13), column 3 in Table 1.

� Definition of non-dimensional variables by scaling the length
with the length parameter L and the velocity with the parame-
ter v0.

� Transformation of the dimensional Eq. (15) into a non-
dimensional form: Eq. (21), with non-dimensional damping
ratios ck(e).

� Evaluation of damping ratios by solving the inverse problem
numerically using the non-dimensional equation of motion
(22) with initial conditions in Eq. (23).

� Evaluation of the resultant modified damping parameters Cmod,k

for the specified value of e according to the modified Eqs. (25)–
(28) given in column 5 of Table 1.

3.3. Numerical calculation of the damping ratios

The aforementioned approach was explored for the illustration
of damping models, where the relationship between 2 decisive
characteristics, the non-dimensional damping ratio ck and the coef-
ficient of restitution e is obtained. Each of the 4 models charac-
terised by different values of the displacement exponent bk was
considered in this study. As a final result, 4 relationships were cal-
culated numerically. In order to obtain the specified point on the
curve ck(e), numerical experiments comprising the calculation of
the entire compression-restitution cycle until full rebound are nec-
essary. Simulation results are given in Fig. 2.

It is worth noting that the above non-dimensional relationships
are universal and uniquely defined. They have been separately con-
sidered by different authors. It could be stated, however, that a
simple analytical solution for the nonlinear HSD model is still not
found. Consequently, only comparison with fitted, asymptotic or
numerical solutions is available. Examination of the numerically
obtained results plotted in Fig. 3 shows that the damping ratio
cTS(e) obtained for the Tsuji model perfectly matches analytical
expression. Eq. (11), where cHU(e) is obtained for the Hu model,
matches the fitted Eq. (14) as it was originally presented in [18].
The damping ratio cLH(e) obtained for the Lee and Hermann model
matches expression obtained for the case of the linear solution,
[6,18]. The cKK(e) obtained numerically gives satisfactory coinci-
dence with the results originally presented by Kuwabara and Kono
[15] in tabular form.



Table 1
Summary of the analytical expressions of damping parameters for various models.

k bk Original expression of resultant damping parameter Ck Eq. no. Modified expression of resultant damping parameter Cmod,k Eq. no.

LH 0 CLH = cLH �meff (9) Cmod;LH ¼ cLHðeÞ �m3=5
eff � K2=5

eff � v1=5
0

(25)

TS 1/4 CTSðtÞ ¼ cTS �m1=2
eff � K1=2

eff � ðhðtÞÞ1=4 (10) Cmod;TS ¼ cTSðeÞ �m1=2
eff � K1=2

eff
(26)

KK 1/2 CKK(t) = cKK � Keff � (h(t))1/2 (12) Cmod;KK ¼ cKK ðeÞ �m2=5
eff � K3=5

eff � v�1=5
0

(27)

HU 3/2 CHUðtÞ ¼ cHU � Keff � ðhðtÞÞ3=2 � v�1
0

(13) Cmod;HU ¼ cHUðeÞ � Keff � v�1
0

(28)
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Fig. 2. Numerically obtained relationship between the damping ratios ck(e) and the
COR values for various damping models.
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4. Numerical analysis for particle impact

4.1. Evaluation of contact force

The contribution of damping until now was basically limited by
discussion about damping constants. The role and consequences of
using an appropriate damping model to the values of inter-particle
forces will be considered in this subsection. The maximum value of
the contact force occurring during the entire compression-
restitution cycle of the single particle colliding the target will be
discussed in detail. Here, another component of the full solution
namely time history of acceleration will be explored.

Actually, the equilibrium of forces during motion allows one to
interpret the inertia force as the resultant of the elastic and damp-
ing forces. Consequently, the total normal non-dimensional con-
tact force may be considered in terms of the non-dimensional
accelerations extracted from the simulation of the single particle
impact experiment:

�Fnð�tÞ ¼ �€hð�tÞ; ð29Þ
where the effective mass is assumed to be equal to unity.
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Fig. 3. Time histories of the non-dimensional acceleration �að�tÞ during single particle imp
restitution: (a) e = 0.8; (b) e = 0.4.
Regarding definition of acceleration in Eq. (21), the dimensional
inter-particle force is:
Fnð�tÞ ¼ meff ðv2
0=LÞ�€hð�tÞ: ð30Þ

Regarding these notations, numerical force analysis is focussed

on the analysis of acceleration �að�tÞ � �€hð�tÞ. Time histories of acceler-
ation �að�tÞ for all four damping models are shown by graph in Fig. 3,
where two families of curves illustrate forces obtained for two val-
ues of COR e = 0.8 (Fig. 3a) and e = 0.4 (Fig. 3b), respectively. Purely
elastic behaviour obtained by the Hertz model is also given for the
sake of comparison. Physical interpretation of the obtained forces
in terms of acceleration–displacement relationship �að�tÞ � �hð�tÞ is
given in Fig. 4. Here, a positive displacement and force indicates
compression.

The graphs show that an increase of the exponent b for dis-
placement h, i.e., hb systematically yields increase of the values
of the maximal normal interaction force occurring at the end of
compressive loading stage. In the case of the relatively high resti-
tution when eP 0.8, this contribution remains, however, relatively
small (Figs. 3a and 4a). The presence of damping reduces the non-
dimensional value of elastic acceleration (force) equal to
�aHertz ¼ 1:25 up to �aHU ¼ 1:14 for HU model and up to �aLH ¼ 0:98
for LH model. Contribution of damping with decreased restitution
e = 0.4 (see Figs. 3b and 4b) yields a reduction of the force up to
�aHU ¼ 1:22 for HU, �aKK ¼ 0:97 for KK, �aTS ¼ 0:91 for TS, �aLH ¼ 0:87
for LH and differences between different model behaviours.

We are interested generally in effects yielded by different
damping models for broader range of parameters. Variations of
maximal forces against the COR are additionally illustrated in
Fig. 5. The graphs confirm drop of these values and the increasing
differences between forces in systematic fashion when COR values
drop below 0.8. Only the exceptional result obtained by the HU
model could be remarked upon.

Generally, an increase of the displacement exponent in the
damping models changes the proportion between the compression
and restitution periods and leads to an increase in the total contact
duration. Due to different deformation rates after impact, the
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act for various viscoelastic models obtained at different values of the coefficient of
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increase of overlap not only during loading but also continues at
the initial stage of unloading, while maximum overlap. This lack
of proportion increases with the drop of the COR value. It could
be stated that the force values obtained by TS and KK models are
enveloped by values of LH and HU models.

The highest dissipative contribution is exhibited by the LHmodel
when the role of the contact displacement is neglected. The results
give a clear indication about the role of particular damping model to
the values of the inter-particle force. The importance of these results
may be even higher if force values approached physical limits caus-
ing contact plasticity or damage, consequently, the selection of
damping model may contribute physical results.

4.2. Comparison of models against experimental results

Classification of damping models addressed in Section 3 accord-
ing to displacement exponent reflects rather relative inter-
relationship among different damping models. Their correspon-
dence to reality remains, however, unclear. Consequently, an
appropriate reference label is required to tie this relative scaling,
therefore, comparison of models against experimental results
would indicate their adequacy to reality.

Result of a collision experiment using a pendulum device
reported by Van Zeebroeck et al. [50] will be explored for these
purposes. It could be noticed that such a detailed presentation of
experiment data accessible on this level is very limited.

The experimental setup is based on a pendulum device consist-
ing of a long arm with an aluminium impactor, where an alu-
minium half sphere of radius Rim = 25 mm is an impacting
collider striking the rubber half sphere of radius Rj = 41.5 mm fixed
on the anvil. In this impact experiment, the starting time t0 is equal
to zero, and recording of results has been interrupted close to the
end of the collision.
A comparison of simulation results against the experiment in
terms of time histories is presented in Fig. 6, where variations of
normal force, displacement rate and displacement versus time
are shown in Fig. 6a–c, respectively. Experimental curves are
reproduced directly from images given in figures presented by
Van Zeebroeck [50].

It is worth noting in advance that the presentation of simulation
results is much more complicated in reality, because some data
could not be found directly. The experimental velocity curve
directly yields the values of the impact, v0 = 0.2 m/s, and rebound,
vr = 0.135 m/s, velocities, respectively. As a consequence, the value
of the coefficient of restitution e = 0.674 is calculated directly by
Eq. (8). The value of contact stiffness K = 3.950 � 105 N m�3/2 and
the modified damping constant Cmod,KK = 6.88 � 102 kg m�1/2 s�1

are extracted from [50]. This value of Cmod,KK was also proved by
applying the modified Eq. (27), where with cKK(0.674) = 0.351
obtained from the graph on Fig. 2 is substituted. These values were
used to calculate the graphs on Fig. 6 reflecting theoretical KK
model. The value of mass is obtained explicitly from the modified
damping constant Eq. (27) meff = 0.306 kg.

Force and displacement show a sinusoidal shape. The displacement
rate shows a change of sign, whereas the initial displacement rate is
larger than the terminal velocity due to dissipation. It became obvious
that the graphs in Fig. 6 lead to important statement showing the force
obtained by KK model data being below experimental results.

Consequently, the HU models were examined in the same
manner. The value of damping ratio cHU(0.674) = 0.760 is deduced
from the graph in Fig. 2. The resultant damping constant is evalu-
ated according to the modified Eq. (28), which yields the value
Cmod,HU = 1.50 � 106 kg m�3/2 s�1.

From these results, it follows that the maximal value of the
interaction force observed experimentally Fmax,exp = 12.1 N is
enveloped by the values Fmax,KK = 11.8 N and Fmax,HU = 12.7 N
obtained according to the KK and HU models, thus
Fmax;KK 6 Fmax; exp 6 Fmax;HU .
4.3. Contribution of the impact velocity

It is already known that damping is complicated phenomenon
depending on several factors. In contrast, the DEM presents a sim-
ulation tool developed on the basis of simplified assumptions,
where the normal component is characterised by the single non-
measurable dashpot parameter, in our case, the global damping
model k depending constants Ck. In the most of the DEM applica-
tions it is uniquely defined by the fixed values of the coefficient
of restitution Ck(e).

Investigations relating DEM simulations and experimental
observations in terms of the variable COR and/or non-uniquely
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defined damping constant are rather limited. Experiments, [9,10],
as well as theoretical investigations [21,51] provide the evidence
that the COR is an impact velocity-dependent quantity, therefore
not only COR contributes damping properties. In particular, the
new approach adjusted for different materials and comprises an
extension of the non-linear normal damping force models by fit-
ting the contact stiffness, the dashpot damping coefficient and,
additionally, the exponent of the displacement rate was suggested
in [10]. The new developed models were expected directly be used
in DEM simulations. The issue of impact velocity in DEM simula-
tions of multi particle vibrated systems is discussed and illustrated
by McNamara and Falcon [51].

One of the purposes of this study to illustrate how the contri-
bution of the impact velocity could or should be treated in DEM
simulations in the context of different damping models. Equa-
tions of the modified damping constants (25)–(28) obtained by
applying dimensional analysis give evidence of how the value
of impact velocity contributes the damping parameters. As it fol-
lows from Eqs. (25)–(28), the values of the modified damping
constant Cmod,k(e, v0) may be expressed in terms of the pair of
coupled parameters, the COR and the impact velocity, where
coefficient of restitution e is attributed to the specified value of
the impact velocity termed hereafter as reference velocity v0,ref.
The reference velocity is computational parameter which value
is measured by evaluation of COR in experiment. Concerning
the role of impact velocity, it could be observed that each of
the damping models shows different sensitivity to the variation
of impact velocity which may be characterised by another
parameter. The power factor (exponent) of impact velocity has
the values of bv,LH = 1/5, bv,TS = 0, bv,KK = �1/5 and bv,HU = �1 for
each of the models.

It could be stated, however, that in multi-particle systems
actual value of the impact velocity v0 between particles is not
known a priori. This velocity varies in time, The value of impact
velocity applied during simulations is termed hereafter as the
simulation velocity v0,sim. It is assumed that the unknown value
of this velocity could be hypothetically specified in advance basing
on heuristic arguments, and it is different than v0,ref.

The relative variation of the actual velocity could be evaluated
by introducing a dimensionless variable k:

k ¼ v0;ref =v0: ð31Þ
Using the above Eq. (31), a general expression of the modified

damping constant Cmod,k(e, v0), i.e. Eq. (24), could be corrected with
respect to simulation velocity as Cmod,k(e, v0,sim) and expressed in
terms of parameter ksim ¼ m0;ref =m0;sim as follows:

Cmod;kðe; kÞ ¼ ckðeÞ � kbv ;ksim �mbm;k

eff � KbK;k
eff � vbv;k

0;ref : ð32Þ

Here, kbv ;k may be treated as damping ratio correction factor,
while

ccorr;kðe; kÞ ¼ ckðeÞkbv ;k ; ð33Þ
is the impact velocity corrected damping ratio. Using Eqs. (31)–(33),
Eqs. (25)–(28) could be corrected in the same manner.

In the particular case, v0,ref � 1 m/s and ksim ¼ 1, which is char-
acteristic for many impact experiments, the absolute values of sim-
ulation and reference impact velocities are insignificant. Eq. (32)
could by applied for evaluation of the role of impact velocity in
damping models, consequently, the above particular case serves
for velocity independent damping constant.

The contribution of impact velocity is illustrated in Fig. 7. Vari-
ations of correction factors kbv ;k for various damping models against
the relative impact velocity k are shown in Fig. 7a.

A practical illustration of the impact velocity is given by consid-
ering the damping properties of the stainless steel (grade 316)
reported by Stevens and Hrenya [9]. The dissipative properties of
the contacting spherical particles are defined by experimentally
obtained curve shown in Fig. 7d, where the specified values of
the coefficient of restitution e are presented as the impact velocity
v0 dependent quantities. Assuming the reference impact velocity
v0,ref = 1.0 m/s and ksim = 1, the corresponding value of the
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coefficient of restitution e = 0.865 was found. The damping ratios
ck(0.865) corresponding to this value are extracted from the graphs
on Fig. 2, and the following values, cLH(0.865) = 0.078, cTS(0.865)
= 0.103, cKK(0.865) = 0.129 and cHU(0.865) = 0.261, are obtained
for various damping models.

Furthermore, Eq. (33) was applied to evaluate sensitivity of
damping parameters in the vicinity of this reference point. Contri-
bution of the impact velocity to damping ratios is illustrated in
Fig. 7b and c. Variations of damping ratios ckðe; ksimÞ against COR
at fixed value ksim ¼ 0:5 are given in Fig. 7b, where they are
denoted by dashed lines. Initial variations of ckðe; kÞ obtained at
ksim = 1 already given in Fig. 2 are also shown by solid lines for
the sake of comparison. Deviations of damping ratios against rela-
tive impact velocity at fixed value of COR ckðe; kÞje ¼ 0:865 are
given in Fig. 7c. It is obvious that these graphs mimic Fig. 7a, while
new values of damping exhibiting, however, reduced deviations. In
particular, reduction of the impact velocity from 1.0 up to 0.5 m/s
increases damping ratios cKK(0.865) = 0.129 of KK model up to
0.148 and cHU(0.865) = 0.261 of HU model up to 0.522. In contrast,
for the LH model, damping ratio cLH(0.865) = 0.078 is reduced up to
0.068.

The values of COR obtained by applying Eq. (32) are shown in
Fig. 7d, where the experimentally obtained curve [9] of COR is
given for the sake of comparison. In Fig. 7d it is clearly seen that
none of the models can match the experiment curve. The graph
illustrates that the experimentally obtained value of the COR is
enveloped by KK and HUmodels. This tendency for some of models
was already indicated in [9].

On the basis of the above results, it is obvious that the Tsuji
model characterised by bv,TS = 0 is insensitive to variation of impact
velocity. The mostly used Kuwabara and Kono model with bv,KK =
�1/5 as well as Lee and Herrmann model with bv,LH = 1/5 yields a
reasonable contribution of impact velocity and deviation from
the Tsuji model. The Hu model with bv,HU = �1 examined originally
[18] at impact velocity v0 = 6.3 m/s exhibits, however, enormous
deviations of kinetic energy dissipation at velocities below 1 m/s.
5. Impact of granular chain

5.1. Impact setup

The interaction behaviour between 2 grains during impact plays
a fundamental role in transferring forces from particle to particle
and propagation of dynamic waves in granular systems. The treat-
ment of granular materials differs, however, from the two-particle
interaction because the process of multiple collisions dominates in
the system’s dynamic behaviour. Although the dynamic evolution
of the external excitations depends on the nature of the granules,
the character of initial disturbance and a number of other factors,
its essential features may be illustrated by the behaviour of one-
dimensional chain of spherical particles. Propagation of the wave
in the granular chain particles in impact situations is investigated
to demonstrate available differences caused by different damping
models in the case of multiple contacts.

Two types, the mono-sized and the stepped chains of spherical
particles (Fig. 8) will be considered here. At the very beginning, the
chain particles are located touching each other with the zero initial
gap without the precompression and with zero initial velocities.
The chain is impacted by a striker having the impact velocity v0.
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The striker, which is shaded in Fig. 8, presents spherical particle
having radius Rstr.

The stepped chain (Fig. 8b) consists of parts. Thus, the first part
of the chain contains N1 number of larger particles having radius
R1, while the second part consists of N2 the smaller particles with
the radius R2, where R2 < R1. The chain of mono-sized particles
(Fig. 8a) presents the particular case of the stepped chain, where
the second part is simply ignored.

The chain is treated as granular system, and the standard DEM
approach was explored for simulation purposes. By neglecting
gravity and inter-particle friction, only one-dimensional transla-
tional motion occurs by solving Eq. (1). Interaction of particles is
defined by the elastic Hertz contact force, i.e. Eq. (4) characterised
with the effective stiffness Keff according to Eq. (5) and by the vis-
coelastic damping force in Eq. (6) obtained according to Eq. (7) and
characterised by the modified damping parameter Cmod,k for each
particular damping model k.

5.2. Numerical simulation of impact on mono-sized chain

5.2.1. Initial data
The free-end mono-sized granular chain consisting of N1 = 50

equal spherical particles of radius R1 = 0.0127 m (Fig. 8a) was con-
sidered. The striker presents identical spherical particle of radius
Rstr = 0.0127 m.

The mechanical properties of the stainless steel (grade 316)
reported by Stevens and Hrenya [9] will be considered. They
include the Young’s modulus E = 193 GPa, Poisson’s ratio m = 0.35
and density of material q= 8030 kg/m3. The mass of particle is
mp = 0.0689 kg. The inter-particle contact properties are defined
by the effective mass which is meff =mp/2 = 0.0345 kg and the
effective Hertz contact stiffness Keff = 1.17 � 1010 kg s�2 m�1/2. The
damping properties of the contact are defined by the experimen-
tally obtained values of COR (Fig. 7d), which were already
discussed in the previous section.

When the striker collides at the first particle of a granular chain
with the specified impact velocity v0 = 1.0 m/s, the accumulated
kinetic energy pushes particles, generates an inter-particle contact
and initiates propagation of wave. Series of numerical experiments
with different damping data were performed applying DEM during
the time period up to 0.0022 s to illustrate the role of damping
models in propagation of the force in granular chain after impact.

Evaluation of the coefficient of restitution and damping proper-
ties was discussed in previous section and was illustrated in Fig. 7.
In the first sample, they were calculated by considering the
simulation velocity equal to the impact velocity v0,sim = v0 = 1.0 m/s.
Assuming this value as a reference velocity v0,ref = 1.0 m/s,
consequently ksim ¼ 1, coefficient of restitution e = 0.865 was found
from the experimental curve. Finally, the damping ratios ck(0.865)
and the values of the modified damping constants Cmod,k(e, v0,sim) =
Cmod,k(0.865, 1.0) are obtained as follows: Cmod,LH = 1.10 � 10 kg s�1,
Cmod,LH = 2.07 � 103 kg m�1/4 s�1, Cmod,KK = 3.69 � 104 kg m�1/2 s�1 and
Cmod,HU = 3.05 � 109 kg m�3/2 s�1.

Evaluation of velocity-dependent damping properties during
multiple contacts in the propagation of wave is a complicated task.
The samples are designed to illustrate contribution of damping
during velocity decay. This phenomenon will be characterised by
reducing the values of simulation velocity v0,sim = 0.7 m/s and
v0,sim = 0.5 m/s will be examined. Two corresponding vales of
COR, e = 0.890 and e = 0.910 are extracted from the experimental
curve in Fig. 7d. Assuming ksim ¼ 1 corresponding to v0,sim =
0.7 m/s and v0,ref = 0.5 m/s, evaluation of damping constants
follows the same path as they were treated in the first sample.

Comparison of the vaults of the obtained damping constants
indicates basic tendencies in the contribution of simulation
velocity. The velocity independent TS model is characterised by
sequentially increasing values Cmod,TS(0.865) = 2.07 � 103
< Cmod,TS(0.890) = 1.67 � 103 < Cmod,TS(0.910) = 1.35 � 103 kg m�1/4 s�1

that reflect an increase of the COR only. The damping of the other
three models is contributed by the decaying values of simulation
velocity is shown in Fig. 7. The velocity yields additional increase
of damping for HUmodel Cmod,HU(0.865) =3.05 � 109 < Cmod,HU(0.890)=
3.48 � 109Cmod,HU(0.910) = 3.91 � 109 and reduction for other KK and
LH models, Cmod,KK(0.865) = 3.69 � 104 > Cmod,KK(0.890) = 3.13 � 104
< Cmod,KK(0.910) = 2.69 � 104 and Cmod,LH(0.865) = 1.1 � 102 <
Cmod,LH(0.890) = 8.29 � 10 < Cmod,LH(0.910) = 6.27 � 10, respectively.
5.2.2. Results and discussion
Illustrations of the wave propagation are shown in Figs. 9 and

10. The model-dependent velocity wave is illustrated by velocity
profiles obtained at the time instances t = 0.001 s and t = 0.002 s
depicted in Fig. 9, where the profile curves are formed by the dis-
crete values of velocities of N = 50 individual particles. Propagation
of the force wave is demonstrated by variations of the inter-
particle force between particles 49 and 50 in time depicted in
Fig. 10.

Generally, velocity profiles (Fig. 9) illustrate the typical picture
observed by considering the low-frequency waves relevant for the
macroscopic dynamic behaviour of the granular solids [35]. Here,
the dissipative contributions are proportional to the relative veloc-
ities of grains in elastic contact. The low-frequency waves have an
amplitude-dependent propagation with wavelengths spanning in
the case of a one-dimensional chain of uncompressed spheres of
about 5–7 sphere diameters.
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Each of the profiles is shown by four curves relevant to partic-
ular damping model. Two families of profile obtained in at the time
instances t = 0.001 s and t = 0.002 s allow us to capture propagation
character. In earlier stage difference between models is negligible.
The differences in velocity amplitude increases while contacts
number grows and initial contact velocity decreases and could by
distinguished in the final stage (Fig. 9c).

The differences of the wave are coherent with the number of
contacts, because every other contact has another initial velocity
than which has been and that leads to ksim – 1. Taking into account
energy lost during multiple contact, the final differences between
models are very dependable of fitting point, when ðk ¼ 1:0Þ, while
energy lost is directly reflected by COR. In Fig. 7d, it is possible to
find that cases when k < 1:0 and k > 1:0 produce opposite energy
dissipation difference while HU, KK and LH models are in use. This
property is highly important if particles in particles system simula-
tion can obtain velocities (v0,sim) greater than one, which was used
in the damping equation (v0,ref). If this happens, then the final
energy lost differences between models become smaller because
opposite cases, while k < 1:0 and k > 1:0, compensate each other.

In Figs. 9 and 10 the aforementioned effect is clearly seen. Case
a (Figs. 9 and 10) represents the decaying of ksim which leads to
velocity, as well as contact force, distribution similar to distribu-
tion of COR in Fig. 7d when v0 < v0,ref. Cases b and c (Figs. 9 and
10) are obtained when 0 < k 6 1:0, using Fig. 7d representation
this would be similar to 0 < v0;ref 6 v0. As we can see, case b is
closest to set of parameters, which lead to lowest differences
between models as well as to results of initial velocity independent
Tsuji model.
5.3. Comparison with experiment

5.3.1. Initial data
The stepped chain is more complex compared to the mono-

sized samples, therefore, the higher importance of such a compar-
ison is expected. To evaluate the adequacy of various damping
models to reality, the impact experiment of the stepped chain
(Fig. 8b) reported by Job et al. [35] was considered. The initial data,
material properties and available experiment data considered here
were used below for the modelling purposes.

The first part of the stepped chain contains N1 = 7 larger parti-
cles having radius R1 = 13.0 mm, while the second part consists
of N2 = 50 smaller particles with radius R2 = 6.5 mm. The radius
of striker initially moving at velocity, v0 = 0.34 m/s, is Rstr = 6.5 mm.

Mechanical properties of the high carbon chrome hardened AISI
52100 steel roll bearings reported by Job et al. [35] will be consid-
ered. They include the Young’s modulus E = 203 GPa, Poisson’s
ratio m = 0.3 and density of material q = 7780 kg/m3. It could be
noticed that the initial velocity and coefficient of restitution were
not given in original paper; they were taken from [19], where
the coefficient of restitution e = 0.965 was obtained after the fitting
procedure.

The Hertz contact stiffness between two particles is obtained
according to Eq. (5). Thereby, three stiffness values Keff equal to:
8.67 � 109 kg m�1/2 s�1, 9.98 � 109 kg m�1/2 s�1 and 1.23 � 1010
kg m�1/2 s�1 are obtained. These stiffness reflect contact between
two equal 6.5 mm particles, two different 13.0 mm and 6.5 mm
particles and two equal 13.0 mm particles, respectively. The
masses of the particles are 0.0716 kg and 0.00895 kg for 13.0 mm
and 6.5 mm particles, respectively.

The damping ratios ck(0.965) corresponding to this value
of COR extracted from the graphs in Fig. 2, and the following
values, cLH(0.965) = 0.018, cTS(0.965) = 0.025, cKK(0.965) = 0.026
and cHU(0.965) = 0.062 are obtained.

5.3.2. Results and discussion
Propagation of the force during the time period up to 3.0 ms

was simulated by the DEM. Comparison of simulation results with
the experiment in terms of the force time histories is given in
Fig. 11. Two time histories of the contact force measured in exper-
iment will be examined and shown hereafter. The variation of the
inter-particle force transmitted by the seventh larger particle at
the end of the larger chain is denoted as F1. The force transmitted
by the fiftieth particle evaluated at the end of the stepped chain is
denoted F2. Comparisons of simulation results with experiment in
terms of the force time histories of the above force for each model
are presented in Fig. 11.

In this problem, the initial impact is imposed by a light striker,
therefore, a single wave (SW) propagates in the first part of chain
Fig. 11. It is obvious that the simulation results are quite close to
the experiment because the damping makes a minor influence
while restitution coefficient was high. It can be seen that the
experimentally obtained peak value F1,exp = 110.0 N is enveloped
by the LH and KK models with F1,KK = 114.5 N and F1,LH = 119.2 N,
respectively.

Later results clearly indicate that the heavier part of the stepped
chain acts as impactor. Thus, a single wave observed at the end of a
mono-sized chain of larger particles leads to the generation of a
solitary wave train (SWT) in the second part of chain with smaller
particles. The solitary wave trains phenomena has been discussed
in earlier works [15,39].

It is obvious that the interrelation between models in the first
peak practically replicates previous results and is similar to the
results obtained for single particle impact. The values of the first
peak are quite close to the experiment because the damping makes
a minor influence while restitution coefficient was high. It is



Fig. 11. Time histories illustrating the propagation of inter-particle forces in the stepped chain – comparison of simulation results (e = 0.965) for different models with the
experiment [35].
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obvious that experimentally obtained peak value F1,exp = 57.0 N is
enveloped by the HU and KK models with F1,HU = 57.0 N and
F1,KK = 51.6 N values, respectively.

Our results illustrate that the simulation results yield to faster
wave propagates with respect to experimentally observed reality.
Moreover, further peaks decay slowly.

It was observed that the different damping models affect the
propagation velocity of contact force in different ways. Explana-
tions of this effect require however additionally investigation.

6. Conclusions

The theoretical analysis of four selected normal viscous damp-
ing models and numerical results obtained during single particle
impact indicate that an increase of the displacement exponent at
fixed values of the COR directly results into an increase of inter-
particle forces. Thereby, actual scattering of maximum force values
is restricted with the lower bound yielded by the LH model and
with the upper bound yielded by the HU model. At high damping
characterised by the values of COR close to unity e > 0.9 the differ-
ence between models may be negligible.

The general form of viscoelastic damping models shows the
influence of the impact velocity used for evaluation of damping
parameter. Different signs of velocity exponent bv,k (bv,k > = < 0)
indicate different sensitivities of particular damping models with
respect to impact velocity. More precisely, this contribution is
expressed in terms of the differences between the simulation
impact velocities used for the calculation of damping constants
and the actual impact velocities of individual particles. In practical
situations, this effect may result in different speeds of wave and
into reverse of force bounds between LH and HU models.
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