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Abstract: This paper discusses identification of digital images from the cosmic microwave background radiation map
formed according to the data of the European Space Agency “Planck” telescope by applying covariance functions and
wavelet theory. The estimates of covariance functions of two digital images or single images are calculated according to
the random functions formed of the digital images in the form of pixel vectors. The estimates of pixel vectors are formed on
expansion of the pixel arrays of the digital images by a single vector. When the scale of a digital image is varied, the
frequencies of single-pixel color waves remain constant and the procedure for calculation of covariance functions is not
affected. For identification of the images, the RGB format spectrum has been applied. The impact of RGB spectrum
components and the color tensor on the estimates of covariance functions was analyzed. The identity of digital images is
assessed according to the changes in the values of the correlation coefficients in a certain range of values by applying the

developed computer program.
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1. Introduction

In this paper, the cosmic microwave background (CMB)
radiation map formed according to the data from the
European Space Agency (ESA) “Planck” satellite tele-
scope was used. The Planck map is a 50-million-pixel
image of the whole celestial sphere of the universe. The top
frequency of the spectrum of microwave radiation is about
f — 160,23 GHz (AL — 1063 mm). The CMB is the ther-
mal radiation left over from the time of recombination in
Big Bang cosmology. The CMB has a thermal black body
spectrum at a temperature of 2.72548 + 0.00057 K [1-6].

The map of the celestial sphere (Fig. 1) is divided into
two parts (upper and lower) by the so-called axis of evil. In
the lower part (below the axis of evil), the biggest structure
of the universe a huge hollow superemptiness with a

*Corresponding author, E-mail: vytautas.turla@vgtu.lt

diameter of 1.8 billion light years and the “cold spot” of
the universe was discovered.

Here, the identification of digital images is carried out
with the use of numerical photogrammetric methods and
the theory of random functions. The spatial position of
pixels of a digital image is defined by the spatial range of
frequencies of the color waves, that is, on the radiometric
level using the RGB format spectrum. The theoretical
model is based on the concept of a stationary random
function taking into account that the errors of frequencies
of the color waves will be random and of the same accu-
racy; that is, the average error MA = const = 0, the errors’
dispersion DA = const, and the covariance function of the
digital images depends only on the difference between the
arguments, that is, on the pixel quantization interval. The
estimates of the covariance functions of two digital images
or autocovariance functions of single images are calculated
according to the random functions formed by expansion of
pixel arrays of the digital images in the form of pixel
vectors.
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Fig. 1 The “Planck” map of the cosmic microwave background
(CMB)

To process the digital signals, discrete Fourier trans-
formation [7, 8] is usually applied. One of the newest
digital image processing theories is wavelet theory (the
theory of wavelet functions) [9-12].

2. The model of covariance functions for digital images

For the theoretical model, we will assume that errors of
pixel parameters of digital images are random. A random
function is formed by expansion of the pixel array of a
digital image into one-dimensional space on one axis of
coordinates column by column. In each column of a pixel
array, the trend of the parameters of the column is elimi-
nated. The parameters include pixel color intensity indi-
cators in the RGB format spectrum. We will consider the
random function formed in this way to be stationary (in a
broad sense), because its average value M{h(t)} — const,
and the covariance function depends only on the difference
between the arguments Kj,(t). The continuous covariance
function Kj(t) of two fragments of one digital image or
pixel arrays of fragments of two digital images /;(u) and
h;(u + t) (which are considered as realizations of random
functions) shall be written as follows [13, 14]:
T—1

! Ohy(u)oh;(u + t)du, (1)

T
0

Ki(7)

where oh;(u), ohj(u+ 1) are centered fragments of pixel
parameters, u is a pixel parameter of a fragment, T is the
length of a fragment in conditional units, 7 =k - A is the
variable quantization interval, A is the value of a pixel
parameter, and k is the number of pixels in the quantization
interval.

The estimate K (7) of the covariance function according
to the available measuring data shall be calculated as
follows:

n—k
K (1) = K} (k) = ﬁ > Shy(ur) Sy (ui i), (2)
i=1

where n is the total number of discrete intervals.

Formula (2) may be applied as an autocovariance
function or a crosscovariance function. If the function is an
autocovariance function, the fragments A;(u) and h;(u + )
are fragments of a single digital image, and if the function
is a crosscovariance function, they are fragments of two
different images.

The estimate of the normalized covariance function is

Kb KW
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where o} is the estimate of the standard deviation of a
random function.

For elimination of the trend of columns in the pixel array
of the ith digital image, the following formulas shall be used:

(3H,‘ :H,‘—E'Elr: (5hil75hi2,--,5him)7 (4)

where O0H; is the reduced pixel array of the ith digital
image where the trend of columns is eliminated, H; is the
pixel array of the ith image, e is the unit vector with sizes
(n x 1), n is the number of rows in the ith array, h; is the
vector of average values of columns in the ith pixel array,
and Jhy; is the jth column (vector) of the ith reduced pixel
array.

The vector of average values of columns of the ith array
shall be calculated according to the following formulas:

- 1
th = ZET . Hl‘ (5)
or
- 1
h; = inT -e.
n

The realization of the random function of the ith pixel
array of the digital image in the form of a vector shall be
expressed as follows:

ohjy
ohi = | O | = (antsnt. . onT )", (6)

5him

The estimate of the autocovariance matrix of the ith
pixel array of the digital image is expressed as follows:
1

K'(0H) = —

SH! 0H;. (7)

The estimate of a covariance matrix of two pixel arrays
of a single digital image or pixel arrays of two digital
images is expressed as follows:

K'(0H;, 0H)) = %(mf OH;, (8)
n—

where the sizes of arrays 0H; and 0H; should be the same.
By applying the theory of covariance functions, the
influence of the components of the RGB format spectrum
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on the expressions of covariance functions has been
examined. In addition, the expressions of the covariance
functions of digital images by the continuous RGB spec-
trum in the sense of a color tensor were assessed. The
variation of the values of correlation coefficients in the
matrices of correlation coefficients is shown in a relation
diagram.

The estimates of covariance matrices K'(0H;) and
K'(8H;, 0H;) are reduced to estimates of the matrices of
correlation coefficients R'(0H;) and R'(SH;, 0H;) [13-15]:

R'(6H;) = D; '*K'(5H,)D; '?, (9)

R'(3H,,0H;) = D;'"*K' (0H;, oH;)D;'”, (10)
where D; and D;; are the diagonal matrices of the basic
diagonal terms of the estimates of covariance matrices
K'(0H;) and K’ (0H;, 6H;), respectively.

The accuracy of the calculated coefficients of correla-
tion is defined by the standard deviation ¢,, whose value is

found from the following formula:

1
o, =—(1-1), 11
Z1-7) )
k — 30,000, and r is the correlation coefficient. The
maximum value of the estimate of the standard deviation is
obtained when the value of r is close to zero, and in this
case g, &~ 0.004; when r = 0.5, the deviation ¢/. = 0.003.

3. Results of experiment and analysis

In the processing of the digital images of the Planck map of
the universe, a total of six fragments of the map were used,
namely four fragments (1, 2, 3, and 4) from the upper part
of the map and two (5 and 6) from the lower part under the
axis of evil (Fig. 1). The arrays of the digital fragments of
the map were numbered in sequence. The data arrays of the
digital images were processed according to the developed
digital programs by applying the operators of the Matlab 7
program package.

The values of the quantization interval of normalized
covariance functions vary from 1 to n/2, where n = 30,000
is the number of pixels in a single array. For each fragment
of the map, a random function in the form of a random
vector was formed. For each vector, the estimate K} (t) of
the normalized autocovariance function Kj(t) was calcu-
lated, and six graphical expressions of the normalized
autocovariance functions were obtained. In addition, the
estimates of the normalized crosscovariance functions
K; (1) were calculated for six vectors, and 15 graphical
expressions for them were obtained.
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Fig. 2 A normalized autocovariance function of the digital image of
point 1

An analysis was done by applying all RGB color tensors
and their component colors: red (R), green (G), and blue
(B).

The normalized autocovariance functions of the frag-
ments of the map have the maximum value of the corre-
lation coefficient r — 1.0 at the quantization interval
values k — 0; this value decreases to r~0 at k —
1000 : 8000 pixels. In the course of further growth of the
quantization interval, a sudden “peak-shaped” increase in
the correlation coefficient r, about 200 pixels wide, takes
place, where r — 0.3:0.6 at k — 10,000 pixels. This
shows the appearance of possibly sudden changes (differ-
ences) of microwave frequencies in the mentioned quan-
tization interval. The graphical expressions are provided in
Figs. 2, 3 and 4 below.

The graphical expressions of the normalized crossco-
variance functions of the vectors of universe map frag-
ments are highly incoherent. This may be seen from
Figs. 5, 6, 7 and 8. The values of the normalized cross-
covariance functions are low and vary in the range between
r— —0.1:0.1 and »r - —0.3:0.3 in the whole quanti-
zation interval.

In Fig. 9, the graphical expression of the resumptive
(spatial) correlation matrix of all six vectors of digital
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Fig. 3 A normalized autocovariance function of the digital image of
point 2
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Normalized covariance function kfr6
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Fig. 4 A normalized autocovariance function of the digital image of

point 6
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Fig. 5 A normalized interrelation covariance function of the digital
image of points 1 and 2
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Fig. 6 A normalized interrelation covariance function of the digital
image of points 1 and 6

images from the Planck microwave map of the universe is
provided. The graphical expression of the correlation
matrix is a block of six pyramids, where the values of the
correlation coefficients are shown by different colors of the
spectrum. In the horizontal plane, the chromatic projection
of the pyramids is shown.
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Fig. 7 A normalized crosscovariance function of the digital image of
points 3 and 5
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Fig. 8 A normalized crosscovariance function of the digital image of
points 5 and 6
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Fig. 9 The correlation of spatial matrix of all six digital images
4. Conclusions

The normalized autocovariance and crosscovariance func-
tions of the vectors of digital images from the Planck
microwave map of the universe make it possible to estab-
lish the changes in correlation between digital images
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according to the quantization interval of pixels of their
respective vectors.

The maximum values r — 1.0 of the autocovariance
functions of the vectors of digital images from the Planck
microwave map are found in the quantization interval
k — 0. Then, as the quantization interval grows, the rates
of decrease in the probabilistic dependence between pixels
in a digital image become different and depend on the
position of the digital image in the celestial sphere. In the
lower part of the sphere, the rate of decrease in the cor-
relation between pixels in a digital image is slower and
r — 0 at the quantization interval k — 8000 pixels. Thus,
the frequency of radiation of the microwave spectrum and
the intensity (energy) of microwaves at different points of
the celestial sphere are possibly different, and the structure
of the universe is possibly not homogeneous.

The normalized crosscovariance functions of digital
images are of similar irregular character, because the cor-
relation coefficients have small positive and negative val-
ues in the range between — 0.3 and + 0.3. Hence, the
interdependence between digital images from different
points of the universe is low.

The parameters (such as the covariation and quantiza-
tion interval) of the covariance functions of the digital
images from the upper part of the universe formed by using
all RGB color tensors are close to those of the covariance
functions of the digital images formed for vectors of red
color (R).

The parameters of the covariance functions of the digital
images from the lower part of the universe (below the axis
of evil) formed by using all RGB color tensors are close to

those of the covariance functions of the digital images
formed for vectors of blue color (B).
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