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d St. J. Matejki 8, 15-351 Bialystok, Poland
a r t i c l e i n f o

Article history:
Received 12 July 2010
Received in revised form 16 November 2010
Accepted 6 December 2010
Available online 18 December 2010

Keywords:
DEM
Mass flow rate
Velocity distribution
Plane-wedged
Space-wedged
Flat-bottomed hoppers
0921-8831/$ - see front matter � 2010 The Society of
doi:10.1016/j.apt.2010.12.005

⇑ Corresponding author. Tel./fax: +370 5 2745225.
E-mail addresses: robertas.balevicius@vgtu.lt (R.
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a b s t r a c t

By using the discrete element method (DEM) a comparison and observations on material flow patterns in
plane-wedged, space-wedged, and flat-bottomed hopper were accounted for. Numerical results obtained
by combining data of individual particles, statistical processing of particle assemblies and evaluation of
the field variables provided the essential characteristics for different regimes of the discharge flow
(within steady or unsteady state of flow) and the differences in differently shaped hoppers due to differ-
ent microscopic inter-particle friction. For validation of the performed simulations, velocity patterns
developed in three-dimensional flat-bottomed hopper containing 20,400 pea grains were also analysed.
To represent the continuum by avoiding the local effects produced by the individual grains, the simula-
tion results were focused on the mean velocity distributions with data smoothening. The effect of rolling
resistance on granular material flow was also considered.
� 2010 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

Containers with a variety of shapes are widely used in industry
for storage of granular materials. Comprehensive historical review
on handling technologies and designed methodologies presented
from the engineering point of view was given by Roberts [1]. Prop-
er description of granular material involves flow mode patterns,
arching, forming of the stagnant zones, variable density of the
flowing material and some other phenomena which are related
with the shape of the containers and play a very important role
in reliable design of that material storage structures.

Theoretical understandings about the granular phenomena are
largely empirical and many simplified analytical methods have
been developed since a work of Janssen [2]. The continuum ap-
proach used in frame of the classical mechanics does not provide
insight into behavior occurring at the scale of individual grain
[1–3], since the flow is mainly subjected by the kinetics of individ-
ual grains within the hopper. On the other hand, a fundamental
statistical theory is not available to describe a random walk of con-
tacting particles.
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Contrary to the continuum approach, the discrete element
method (DEM) allows for a microscopic insight into granular mate-
rial behaviour with tracing in time all dynamical parameters of
particles, such as position of individual grains, their velocity, accel-
eration and acting inter-particle forces. Comprehensive review of
theoretical developments focusing basically on particles interac-
tion and link between discrete and continuum modeling is pre-
sented by Zhu et al. [4]. Because of numerical difficulties and
time-expensive computations, the earliest developments were re-
stricted to 2D numerical models and were devoted to plane and
axi-symmetric hoppers. Probably, the first systematic study on
the DEM application to the filling of silos was given by Holst
et al. [5]. A summary on collaborative investigation of 16 research
groups and the influence of various simulation details was pre-
sented by the authors of this paper. The latest developments on
DEM simulations of granular flow in hoppers are described in the
review paper by Zhu et al. [6] and by Kruggel-Emden et al. [7].

Majority of the reports about the investigations of container
flows do not deal with the comparative analysis on material flow
patterns for differently shaped hoppers. Actually, there is still a
lack in literature a quantitative and systematic investigation in or-
der to compare the outflow mass, its rate, and velocity distribution
during material flow within differently shaped containers. In work
by Goda and Ebert [8], authors chose a pyramidal hopper, silo with
a hopper bottom, and a vertical-sided silo with a flat bottom for
DEM analysis to analyze wall pressure, material flow zones during
ed by Elsevier B.V. and The Society of Powder Technology Japan. All rights reserved.
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Table 1
Major data of the particles.

Quantity Symbol Value

Density (kg/m3) q 500
Poisson’s ratio m 0.30
Elasticity modulus (Pa) E 0.3 � 106

Shear modulus (Pa) G 0.11 � 106

Normal viscous damping coefficient (1/s) cn 60.0
Tangential viscous damping coefficient (1/s) ct 10.0
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filling and discharge. A discharge time and the discharge flow rate
were taken to be optimality criteria, while the discharge mass and
the shape of the hoppers have been considered as design variables
in DEM analysis by Balevičius et al. [9]. Comparison of flow behav-
iour of the conical concentric and eccentric hoppers and optimisa-
tion of their geometry is given by Ketterhagen and Hancock [10].

Cleary and Sawley [11] and Cleary [12] investigated and de-
scribed progress in the area of industrial applications in 3D cases.
In recent years, the simplified assumptions on the inter-particle
contact models have been reexamined, with account for non-
symmetric particle shapes sometimes simultaneously combined
with rolling effects [6,11,13,14].

The motivation of the current analysis is to compare the main
granular material flow patterns in 3D differently shaped hoppers.
Firstly, by combining data of individual particles, statistical pro-
cessing of particle assemblies and evaluation of the field variables,
the observations on the outflow mass, its rate, and velocity
distribution are provided for plane-wedged, space-wedged, and
flat-bottomed hoppers. Secondly, as a verification of the results
provided, the refined 3D flat-bottomed hopper is additionally
considered to examine adequacy of the obtained velocity profiles
to those computed by well known Nedderman and Tüzün’s [15]
kinematical model.

The gained observations could be implemented for revising or
developing the continuum-based models. In particular, there were
some results concerning granular behavior in the space-wedged
hoppers [16], but the theoretical continuum-based model for pre-
dicting the outflow rate for the space-wedged hoppers is still miss-
ing [17].

2. Discrete element concept

The granular material is assumed to be composed of a set of N
discrete spherical visco-elastic non-cohesive frictional particles.
Geometry of the particle i (i = 1, N) is defined by the radius Ri with
a specified grain size distribution and physical contact conditions.
Physical properties of each particle are constant and defined by
density q, elasticity modulus E and Poisson’s ratio m.

The deformation of particles is typically approximated by a rep-
resentative overlap in the vicinity of the point of impact. Details for
contact geometry model may be found in Balevičius et al. [18]. The
motion of i-th particle at time instant t is described by the
Newton’s second law:

mi
d2xiðtÞ

dt2 ¼ FiðtÞ; ð1Þ

Ii
d2hiðtÞ

dt2 ¼ TiðtÞ; ð2Þ

where xi and hi are vectors of position and orientation of the center
of gravity, mi is the mass and Ii is the inertia moment of the particle i
(i = 1, N).

Vectors Fi and Ti acting at the centre of gravity of the particle i
are as follows

Fi ¼
XNc

j¼1;j–i

Fij þmig ð3Þ

Ti ¼
XNc

j¼1;j–i

Tij ¼
XNc

j¼1;j–i

dcij � Fij ð4Þ

Here, Fi presents the sum of inter-particle contact forces Fij and
gravity forces defined by the vector of gravity acceleration g. The
resultant torque Ti is defined analogously, while dcij is the vector
pointed from the centre of the particle i to the contact centre of
the overlapped particles; Nc is the number of contacts.

The calculation of inter-particle contact forces is based on Hertz
or Hooke’s and the simplified Mindlin–Deresiewicz’s contact mod-
els. The applied visco-elastic inter-particle contact model considers
a combination of elasticity, damping and friction force effects.
Assuming the small overlap, the contact between two material par-
ticles, is modeled by a spring and dashpot in both the normal and
tangential directions and an additional slider in tangential direc-
tion. The inter-particle force vector Fij describing contact between
the particles i and j acts on the contact point and may be also ex-
pressed as a sum of the normal and tangential components Fn,ij and
Ft,ij, respectively. Rolling effects will be considered exclusively in
Section 6. The normal component presenting, actually, repulsion
force comprises elastic and viscous ingredients. The tangential
component reflects static or dynamic frictional behaviour. The sta-
tic force describes friction prior to gross sliding and comprises elas-
tic and viscous ingredients, while the dynamic force describes
friction after gross sliding and is expressed by Coulomb low.

The boundary conditions are determined by the walls treated as
the planes of finite size. In their contact with particles, the walls
are treated as rigid particles of infinite radius and mass. The parti-
cle–wall contact forces Fij are therefore specified according to the
inter-particle contact models in terms of the effective parameters.
The effective radius of the contacting particles i and j is defined as

Reff
ij ¼ 1

Ri
þ 1

Rj

� ��1
. In the case of wall defined by Rj ¼ 1, it simply

equals the radius of the particle, Reff
ij � Ri. The remaining effective

parameters such as mass, elasticity modulus, etc., are defined in
the same manner.

Detection of the particle and the wall contact interaction is per-
formed by creating locally oriented boundary cells and by checking
the contact possibilities with the plane of the wall and its edges in
the local coordinate frame. Modeling details were described in
[19].

Details of the time integration procedure may be also found in
[18,20]. Numerical simulations are obtained by using the devel-
oped original software DEMMAT by Balevičius et al. [21].

3. Granular material and hopper

As is well-known, the DEM simulation is highly time-consum-
able, mainly due to the contact searching procedure and a small
time step required for correct integration of equations of the parti-
cles motion. To reduce the simulation time needed to model gran-
ular material flow, the simplifying assumptions are usually applied
with respect to hopper shape, number and size of particles and
material properties. It is a common practice to simplify computa-
tions, cf. [7,13].

The specified composition of granular material will be applied
for investigating of bulk flow in differently shaped hoppers. It is
represented by an assembly of N = 1980 particles. The values of
the particle radii Ri ranging from 0.03 to 0.035 m are defined ran-
domly with uniform distribution. Total mass M of the material is
fixed and is equal to M = 143.7 kg. The data of the visco-elastic
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particle are given in Table 1. Inter-particle and particle–wall fric-
tion coefficient corresponds to the case of fully rough walls, while
their values l = 0 � 0.6 are simply assumed for modeling purposes.
Note, a linear spring model based on Hooke’s law is used for the
normal contact.

Three differently shaped hoppers are investigated, while geom-
etry of them is defined in the same manner (Fig. 1). The character-
istic dimension of the outlet D is assumed to be related to the
maximal diameter d of the particle as D = 8.6d. The thickness of
the hopper at the bottom is assumed to be B = 4.3d. The dimension
of the top hopper edge is L = 3.3D, while the overall height of the
hopper is H = 2.88D. Assuming that d = 0.06 m, the main geometri-
Fig. 1. The geometry of the hopper.

Fig. 2. Illustration of the discharge flow at various time instants (l = 0.3): (a and d) plan
(a–c) the end of filling; (d–f) discharge process at t = 0.4 s. Color-bar indicates the partic
cal parameters of the hoppers are defined as: B = 0.3 m,
L = 1.6 � 2 m and H = 1.7 m.

Different shape is defined by inclination angles of the generetrix
to the horizontal plane, hx and hy, respectively. The space-wedged
hopper is described by acute angles having values hx = 68� and
hy = 62�, while values hx = 68� and hy = 90� correspond to the
plane-wedged hopper. The flat-bottomed hopper is stated by assum-
ing the right angles to be hx = 90� and hy = 90�. Variable dimension
of the bottom Lb depends on the hopper shape, however, dimen-
sions of the outlet D and B are held constant, for all hoppers, for
the sake of comparability. The hopper walls (including the bottom)
are assumed to be rigid and are considered as the fixed boundaries
with friction.
4. Illustration on the filling and discharge processes

Granular flow in hoppers is a continuous process, simulation of
which may be considered in several stages reflecting different
physical as well as technological aspects of this complicated
phenomenon.

In the framework of current investigation, filling is considered
as compacting of material for proper simulation of discharge. The
filling is simulated by compacting the particles en masse i.e. all par-
ticles undergo the fall due to action of force of gravity and initial
particle velocities imposed. A gradual filling procedures leads to
a more fully developed internal and wall stress after filling due
to better consolidation of the settled material [cf. 22,23]. A gradual
filling was applied a further to simulation presented in Section 7.
However, the filling procedure plays minimal effect on the dis-
charge parameters.

During the particles settling on the bottom the orifice is kept
closed until quasi-static state occurs. It corresponds to the average
particle flow velocity equal to 10�7 m/s and practically negligibly
e-wedged hopper; (b and e) space-wedged hopper; (c and f) flat-bottomed hopper;
le contact forces measured in N (Newtons).
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small average acceleration. The controlling indicator to achieve the
quasi-static state was the total kinetic energy of granular material
expressed as the sum of all particles energies due to translational
and rotational motions.

The discharge process is simulated by instantly opening the ori-
fice and allowing for free falling of the particles. Such a scenario of
the emptying process presents an attempt to follow as close as pos-
sible the discharge stage encountered in real hoppers, if drawdown
is not compensated by re-supplying the material from above.

A detailed description on the simulation aspects can be found in
[18]. A specific scenario when the discharged particles are recycled
back to the top of the hopper flow is used by Cleary and Sawley
[11]. Such an approach is preferable for imposing the steady-state
flow required, but differs from the discharge conditions in real
hoppers.

Series of independent DEM simulations of the filling and dis-
charge in three differently shaped hoppers were performed with
different values of the friction coefficient but with the same above
described composition of the granular material. Snapshots on the
filling and discharge processes for differently shaped hoppers are
summarized in Fig. 2. The colour-bar depicted in these figures
shows the contact forces acting on the particles within the granular
material. The color is specified by the scalar of fi ¼

P
i–jjFijj derived

by summing up of inter-particles contact forces Fij acting on the
particle i.

The state of the rest, (Fig. 2a–c) illustrates variation of the indi-
vidual particle contact forces within the bulk material which is
exclusively governed by its own weight yielding lower values in
the upper part of the hopper and higher values near the bottom.

Even simple examination of flow patterns allows identifying the
important features of the discharge flow. Generally, for the case of
fully rough wall, which immobilizes particle slipping downwards
adjacent to the wall, the top surface of the material during the dis-
charge transforms from a convex to a concave shape. This is quite
illustratively exhibited in the case of flat-bottomed hopper (Fig. 2).
In particular, the depression zone above the orifice occurs at the
beginning of the emptying process. Later, this depression deepens
with progressing of the emptying. Its sides become more and more
steeper and when the slope of these sides reaches the angle of re-
pose some of the particles cascade down to the central part of the
material which moves faster. The nature of granular flow in the
flat-bottomed hopper contains characteristic features of funnel
flow.

The character of the discharge flow in converging, i.e. in plane-
wedged and space-wedged hoppers is quite different. The formation
of the depression zone at the top surface starts only when the gran-
ular material overpasses some height of the hopper. This zone
quite evidently expresses the final stage of the discharge.

Decompression of granular material in the middle section of the
hopper indicates significant reduction of the magnitudes of particle
contact forces in the discharge time period (Fig. 2d–f). This feature
clearly illustrates presence of the material dilation phenomena. It
takes the place due to inter-particle friction which allows for mate-
rial shearing with increasing in the porosity and, in turn, reducing
in the particles contact forces. A detailed analysis on the evolution
of the porosity fields by means of the particle contacts forces devel-
oped during discharge is given in [18,24].
Fig. 3. Polar plot of particle velocities vx and vy on a circular grid, for the plane-
wedged (red color) and space-wedged (black color) hoppers (l = 0.6).
5. Numerical results and observations

A comparative investigation on the main macroscopic parame-
ters to understand how they affect the granular flow in terms of
different shapes of the hopper is an important issue in develop-
ment of the prediction approaches. In a framework of current
investigation, numerical analysis comprises particle velocity pat-
terns, discharge flow parameters, statistical processing of particle
accelerations.

Let us consider the discharge flow patterns in terms of the dis-
charged mass. A dimensionless variable, 0 6 wf 6 1, representing
the discharged mass fraction is computed as the ratio of the dis-
charged mass, Md to the total mass, M. A discharged mass fraction
rate, i.e., mass fraction flux, is obtained as a time derivative of the
discharged mass fraction, dwf ðtÞ=dt.

Variations of the above defined dynamic discharge flow charac-
teristics for hoppers of different shape and different inter-particle
friction coefficients are presented in Fig. 4. The graphs depicted
clearly indicate influence of the hopper shape and inter-particle
friction. It can be also stated (Fig. 4d–f) that the highest discharged
mass fraction rate occurs in the plane-wedged hopper, while in the
space-wedged and the flat-bottomed hoppers discharge process
runs in time relatively slowly. Plane-wedged hopper discharges
faster than the space-wedged one, since, in the space-wedged hop-
per, the bulk flow exhibits spatial retardation due to an ability to
generate more contacts with each other and dissipate the kinetic
energy. For the plane-wedged hopper, a plane flow occurs only.

To discuss this in detail, let us analyze the polar plot of the par-
ticle horizontal velocities mx and my developed at t = 1 s, in the
plane-wedged and space-wedged hoppers during discharge. To
this end, the horizontal velocities of the particles were plotted on
a circular grid as the arrows emanated from the origin (Fig. 3).

As can be quantified by the polar plot (Fig. 3), the horizontal
velocities mx and my have almost isotropic distribution during dis-
charge, for the space-wedged hopper. They maximal magnitude
varies over 0.5–0.6 m/s. In the case of plane-wedged hopper, an
anisotropic velocity distribution with domination of the compo-
nent my is clearly observed. This component induces the particles
movement toward the centre of the hopper with a twice higher
velocity in comparison with the space-wedged hopper. Hence, for
the space-wedged hopper an isotropic distribution of velocities
leads to the ability of particles to get more contacts resulting in
the space-retarded motion which reduces a vertical velocity pro-
duced by the gravity acceleration. Due to a space-retarded particles
motion the space-wedged hopper discharges more slowly.

Generally, the discharge flow in the both space-wedged and
flat-bottomed hoppers during the time interval up to 1 s behaves,
in fact, quite similarly. At the beginning of discharge the non-linear
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variation between the discharged mass fraction with time is de-
tected. This is due to formation of dilation wave which forms near
the bottom and quickly spread over the whole material. Speed of
propagation of this wave is dependent the inter-particle contact
network and material damping and friction.

It could be also noted, that the flat-bottomed hopper cannot be
completely discharged. Obviously, sequentially examining the flow
rates we can see that increasing of the particle friction compared to
the frictionless material induces diminishing of the discharged
mass fraction rate. Generally, the influence of inter-particle friction
coefficient, ranging from l = 0.3 to 0.6, is a quite mild and is invari-
ant of the hopper shape, complying with a correction factor C used
in theoretical prediction for the discharged mass rate. As pointed
out by Nedderman [25], values of C as large as 0.64 have been re-
ported for exceptionally smooth particles, while for frictional ones
usually takes a value close to 0.58. Sometimes artificially estab-
lished correction factor C serves as a remedy to fit the experimental
values of the discharged mass rate with an experiment instead of
new theoretical developments.

Important issue in continuum mechanics is the detection of
steady state conditions. By generalization numerous empirical
observations on the frictional granular material the main geomet-
rical conditions defining the constant discharged mass rate have
been established by Nedderman [25]: (a) the rate is independent
Fig. 4. Illustration of the discharge flow parameters in different hoppers for various inte
variations of the discharged mass fraction rate, (g–i) variations of the discharged mass fra
in s�1 and m, respectively.
of material height H, provided H > 2D; (b) the rate is independent
of the orifice diameter, provided L > 2.5D, where L is shown in
Fig. 1, as the width of the upper edge of the hopper.

Hence, the above statements provide that the particles theoret-
ically accelerate freely and the main parameters affecting the flow
rate are the bulk density, the orifice diameter and the inter-particle
friction (irrespective to time-dependent analysis). For consider-
ation of the frictionless materials, the inviscid fluid model defining
the discharged mass rate of the fluid being proportional to

ffiffiffiffi
H
p

may
be used for the sake of comparison.

By considering a variable material height in the space-wedged
and flat-bottomed hoppers (Fig. 2), it is easy to persuade, the mate-
rial height does not match the above geometric condition (a). Let
us discuss the tendencies of the discharged mass fraction rate var-
iation against the material height (Fig. 4g–i).

Thus, as expected, the discharged mass fraction rate of the
frictionless particles (Fig. 4g) is similar to the above mentioned
behavior of the fluids and seems to be proportional on

ffiffiffiffi
H
p

, for geo-
metrical configurations of the hoppers considered. For frictional
particles, the discharged fraction rate should be theoretically inde-
pendent on the quantity of material, typified by the height, H. This
indication is fulfilled for the plane-wedged hopper very well within
almost entire period of emptying. It means that, the discharged
mass fraction rate could be effectively approximated by the
r-particle frictions: (a–c) time variations of the discharged mass fraction, (d–f) time
ction rate against the material height. Parameters on axes dwf/dt and H are measured



Fig. 5. The time variations of the vertical component of the average outflow velocity (measured in m/s) in different hoppers for different friction coefficients: (a) l = 0.3; (b)
l = 0.6.
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straight line, for 0.2 m < H < 1.1 m. However, for the case of the
space and the plane-wedged hopper discharged mass fraction rate
grows up from the beginning of the discharge until 0.2–0.4 s and
just at this time instant the rate remains constant. Indeed, in the
case of flat-bottomed hopper, the indication of the invariant rate
with respect to the quantity of material is generally not valid due
to the sufficiently low initial material height.

Time variations of vertical component of the average outflow
velocity mz in hoppers for different values of friction coefficient
l = 0.3 and l = 0.6 are depicted in Fig. 5. The average outflow
velocity was simply determined as the mean velocity of the parti-
cles located at D distance below the orifice. As can be seen in Fig. 5,
the fastest flow generates in the plane-wedged hopper. Space-
wedged hopper, in comparison to the plane-wedged one, is charac-
terized by lower velocities and the longer discharge time. Increase
of friction indicates a mild reduction in the outflow velocity mag-
nitudes. Different durations of the discharge, i.e. residence time,
are also clearly observed, because the higher particle velocity val-
ues result into shorter discharge durations.

This parameter may be additionally related with a steady/un-
steady state condition. Steady or unsteady flow character may be
specified by considering time variations of this velocity for differ-
ent discharge flows. The graph (Fig. 5a) not only proves presence
of fluctuations but also exhibits different flow character between
differently shaped hoppers. Fluctuations in the outflow velocity
may be partially caused by the arch formation at the location of
by about 2D above the orifice [18]. A steady flow clearly prevails
in the space-wedged hopper almost within the entire period of
the emptying, where the velocities remain constant versus time.
The unsteady inertial flow takes place during the entire period of
the emptying in flat-bottomed hopper. The similar nature of the
flow is also detected in the plane-wedged hopper containing, how-
ever, fluctuations.
Fig. 6. The probability density functions for a vertical acceleration component of
different layers in plane-wedged hopper.
The above investigation discovered that the most irregular ran-
dom flow character occurs for the highest inter-particle friction,
l = 0.6. In theoretical approaches, which are mainly devoted to
flat-bottomed hoppers, the main assumption on the free accelera-
tion of the particles near the orifice is employed. This assumption
is sufficiently unclear for hoppers having the converging shape.

In order to verify the assumption concerning the state when the
particles near bottom can accelerate due to gravity, the statistical
analysis is employed (especially for converging shape of hopper).
The discharged material is divided into separate layers, while three
lowest layers defined by vertical coordinate intervals z = [0, 0.2],
z = [0.2, 0.4] and z = [0.4, 0.6] are considered. Each of the layers is
characterized by probability density of the vertical acceleration
az obtained by processing the values at various time instants. The
characteristic simulation results are illustrated in Fig. 6, where
variations of the probability density functions obtained for the
plane-wedge hopper at time instants t = 0.4 s is presented.

As can be seen in Fig. 6, for z = [0, 0.2], the peak of probability
density function of vertical acceleration is obtained as close as
the assumed range of acceleration due to gravity ([�10, �9.65]
m/s2). This indicates that most of the particles near the bottom
accelerate freely due to gravity. Meanwhile, a significantly lower
pick of probability density function is obtained in the zones
z = [0.2, 0.4] m and z = [0.4, 0.6] m where particles motion is
sufficiently retarded due their acceleration/deceleration in the
inter-particle contact collisions. Acceleration/deceleration of the
particles may be attributed to the formation of series of linked
stress arches (in our case at z = [0.2, 0.4] m and z = [0.4, 0.6] m
zones) where above these arches the particles are packed together
by retarding the flow and allowing to dominate gravitational fall at
the vicinity of the bottom. For flat-bottomed hopper, the linked
arches developed above the orifice were simply detected visually
by plotting inter-particle contact forces web [18]. The experimen-
tal demonstrations of such arching and forces networking is
presented by Poliquen and Gutfraind [26].
6. Some observations on the effect of rolling friction

The frictional forces usually induce the torques, so an additional
influence of rolling friction may also be noticeable in reproducing
the effects arising from the different physical factors during the
rotational motion of the grains. In view of the existing results it
could be stated that influence of rolling on the granular material
behavior depends on the problem specified. A comprehensive re-
view paper [4] lacks the data on rolling friction effects in hopper
discharge. Consequently, some observations on this effect are dem-
onstrated below.

Basically, the contact between two grains occurs not at a single
contact point, but on a finite contact surface, and it is very difficult
to fundamentally describe a contact traction evolution over this



Fig. 7. Time histories of the system kinetic energy during discharge from the plane (a) and space-wedged (b) hoppers for various rolling friction coefficients lR = 0, 0.002, 0.01
(l = 0.3).

Table 2
Main data on the pea grains.

Parameters Quantity
(mean ± st.dev.)

Explications and references

Particle elasticity
modulus (MPa)

236.09 ± 40.89 Measured experimentally by
compressing the grain between
two plates

Restitution coefficient
(particle–wall)

0.56 ± 0.12 Determined experimentally by
the drop/rebound of the grain on
the plexi plate

Friction coefficient
(particle–particle)

0.29 ± 0.09 [35]
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surface [27,28]. However, a number of simplified approaches de-
voted to modeling the rolling resistance have been implemented
in studies [29–33].

The rolling torque Troll
ij always counteracts the relative rotation

between two contacting entities manifesting the asymmetry of
the normal traction distribution on the contact surface and causing
a gradual slowdown in the rotational motion. Here, we determine
Troll

ij in terms of the approaches [13,14,31,32]. Troll
ij can result from

the torque supplied by the elastic spring which acts prior to the
rolling or the torque originated during the rolling and modeled
by a roller, thus:

Troll
ij ¼ �min kr

R
xijðtÞdt

j
R
xijðtÞdtj

����
����; lRrijjFn;ijj

xij

jxijj

����
����

� �
; ð5Þ

where xij ¼ xi �xj is the relative rotational motion at the contact
centre resulted from the rotational velocities xi and xj for the par-
ticles i and j, respectively; kr is the rolling stiffness [33],
rij ¼minðRi;RjÞ is the effective radius of the contacting particles,
lR ¼ tanðaÞ is the coefficient of rolling friction provided by the tan-
gent of the asperity contact angle a.

To analyze the effect of rolling friction on behavior of the gran-
ular material flow during the discharge process, the rolling torque
Troll

ij was added to the torque Ti in Eq. (2) and the subsequent flow
analysis was performed. A suppression of rotation in opposite
direction (due to rolling friction) at the full slowdown of the
rotational motion was also considered during the numerical
implementation.

In the experimental tests conducted for the spherical balls [34],
values of the rolling friction coefficient have been found ranging
mostly from 0.002 up to by about 0.013, depending on the material
used. In the current investigation, three limiting values of lR ¼ 0,
0.002 and 0.01 were roughly selected to evaluate the effect of roll-
ing friction on bulk flow. Meanwhile, the total kinetic energy, pre-
sented as a sum of the translational and rotational kinetic energies
of individual particles, is considered as a main indicator. The evo-
lution of total kinetic energy during the discharge process for the
particles inside the hopper is presented in Fig. 7, for the plane
and space-wedged hoppers.

In Fig. 7, the depicted graphs actually indicate the increase in
total kinetic energy for the case of lR ¼ 0, for both hoppers. This
increase is essentially produced by the rotational energy, since
the particles without rolling friction have a higher capability to ro-
tate during discharge. This effect dominates at the first 0.5 s of the
discharge process, when an increasing quantity of material within
the hopper is able to induce the bulk flow. Later, when amount of
the particles inside the hopper decreases (roughly up to 50%, cf.,
Fig. 4 b), the motion of individual grains can contribute even to a
slight increase in the total kinetic energy for model possessing
the rolling friction. Notably, the differences between the total
kinetic energy evolution are sufficiently small, for the models with
lR ¼ 0:002 and lR ¼ 0:01 .

Thus, the selected interval of lR 2 ½0:002; 0:01� is not expected
to take a large affect on bulk flow characteristics, and rather, the
other material parameters, such as the sliding friction, have a more
significant effect during the discharge process. This also indirectly
confirms the default value of lR ¼ 0:01 used by the commercial
DEM software (EDEM™, DEM Solutions, Edinburgh, Scotland).
However, the presence of rolling friction is expected to be a
required and reasonable attribute to reproduce the experimental
discharge behavior of granular material for the elongated irregu-
larly shaped particles [14].
7. Adequacy of the numerical results to continuum prediction

To validate the above demonstrated simulations, their results
should be verified with the continuum-based predictions. For
space-wedged hopper, any theoretical prediction of the outflow
mass rate is missing in literature. Meanwhile, verification of the
obtained outflow mass and that produced by a well known Rose–
Tanaka empirical formula was done in [18], for the plane-wedged
hopper. Similar analysis relying on Baverloo’s equation was pre-
sented in [24], for flat-bottomed hopper.

Hence, an adequacy of the numerically obtained velocity
profiles to those computed according to Nedderman and Tüzün
[15] kinematical model is rigorously checked here, for the flat-
bottomed hopper.

To this and for proper representation of the continuum, the
number of particles, representing the granular matter, was in-
creased up to 20,400 grains. As distinct from the above artificially
assumed properties of the particles, the pea grains were used. Also,
the Hertzian spring is applied. Moreover, the experimental model
was also constructed.

The model was composed of a flat-bottomed rectangular hop-
per made of Plexiglas and the rectangular in cross-section



Fig. 8. Simulation and experimental snapshots of material flow.
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container with a pyramidally adjusted bottom fabricated from
cardboard. The container was installed on the hopper and basically
served for filling of the material into the hopper. Hopper model had
the following inward dimensions: height of 800 mm, width of
252 mm, and thickness of 108 mm. The width of outlet was of
42 mm.

The pea grains were simply poured into container. Measure-
ments were taken when outlet of the container was opened and
continued prior to opening outlet of the hopper, i.e. under the qua-
si-static conditions, as well as during the discharge when material
flowed throughout the hopper’s outlet.

The pea grains with the total mass of 5.87 kg had the diameter
varying over the range of 7.2–7.8 mm and the particle average den-
sity of 1290 kg/m3 (moisture content of 9%). The main micro prop-
erties of the particles used in the simulation are given in Table 2
relying on [35,36].

Simulation and experimental snapshots are depicted in Fig. 8.
A detailed description on the peculiarities of the simulation can
be found in [37,38]. As can be seen from these snapshots, the
numerically obtained composition of the flowing material is very
similar to that generated in the experiment. A sufficiently good
match was observed during the steady flow conditions. At early
phase and at the end of the discharge process some difference in
material compositions was discerned. During these phases the
flow is greatly affected by the dynamics of individual grains,
and this effect vanishes when flow becomes steady.

The experimental measurement of the outflow rate and com-
parison with the numerical prediction could be found in [37] by
the readers, while comparison of the experimentally measured
wall pressures with simulation was given in [38].

Now, let us consider here a derivation of the continuum repre-
sentative velocity profiles developed within the hopper during the
material discharge. Velocity of individual grains traced during the
DEM analysis cannot properly represent the continuum (cf., [39]).

Hence, to avoid the local effects produced by the individual
grains, the simulation results should be focused on the mean flow
parameters of the contacting particles. For this propose, the whole
domain of the material was divided into the representative
spheres. Detection of the particle within the representative sphere
was simply defined relying on the positions of centre of the particle
and the representative sphere and its radius. Spheres were
regularly arranged with or without the overlap in order to fulfill
the geometry of the hopper. In the following, the particles found
within these spheres were identified at a certain initial time, and
the identified particles were taken for the subsequent time instant
to find the average velocity. The average velocity for sphere k was
processed as follows
hvkðt þ DtÞi ¼ hxkðt þ DtÞi � hxkðtÞi
Dt

; ð6Þ

where hxki ¼
1
n

Xn

i¼1

xi; hyki ¼
1
n

Xn

i¼1

yi; hzki ¼
1
n

Xn

i¼1

zi; ðk ¼ 1;2; :::mÞ

ð7Þ

are the averaged positions of the particles in the sphere k at a
certain time, while xi, yi, zi are vector xi components for the par-
ticle i within the sphere k; n is number of the particles within the
representative sphere, and m is number of the representative
spheres.

The mean velocity vector components determined by using the
above relationships are plotted in Fig. 9. The averaging process was
performed by specifying the representative spheres having the size
equal to 7–8 times of the largest diameter of the particle. Finally,
the computed volumetric data for the velocity vectors (Fig. 9 a)
are displayed on the spatial mesh by implementing cubic interpo-
lation/extrapolation procedure. Implementation of this technique
allows estimating the unknown values of the velocity components
that lie between a probe’s point of the representative spheres, as
well as providing the continuity and the smoothness of the results
obtained (Fig. 9 b). As can be seen in Fig. 9a, the averaging proce-
dure performed produces the regularly distributed velocity vectors
being in accord with the classical macroscopic description of the
discharge flow for flat-bottomed hopper. It should be noticed;
however, that some points located near the walls are matched with
some errors resulted from the extrapolation procedure covered by
a spline function.

Nedderman and Tüzün’s [15] continuum kinematical model
provides a sufficiently accurate prediction of the velocity profiles
using only one unknown constant, for the convergent flow region
under steady state conditions. It is assumed that the horizontal
velocity is proportional to the gradient of downward velocity m3

(i.e., a shear rate). Application of this assumption for an incom-
pressible material yields [15]:

@m3

@z
¼ �b

@2m3

@y2 ; ð8Þ

where y is the horizontal distance from the vertical axis of the silo, z
is a distance above the outlet, b is the proportionality factor or dif-
fusion length referred to by Choi et al. [40].

A Gaussian function fulfils the solution of (8), for m3 and m2 [15].

m3ðy; zÞ ¼
Qffiffiffiffiffiffiffiffiffiffiffi

4pbz
p e

�y2

4bz

� 	
; ð9Þ



Fig. 9. Continuum representative velocities during discharge (t = 1s): (a) vector patterns; (b) vertical v3 (gray color surface) and horizontal v2 (meshy surface) velocity
functions derived at the midsection plane of the hopper; (c) comparison with continuum prediction for vertical velocity; (d) the same for horizontal component.
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m2ðy; zÞ ¼ �b
@m3

@y
¼ Qffiffiffiffiffiffiffiffiffiffiffi

4pbz
p y

2z
e
�y2

4bz

� 	
; ð10Þ

where Q denotes a volumetric flow rate per unit thickness of the
silo, m3 � mz, m2 � my.

Indeed, there seems to be no way to predict b a priori and the
model cannot directly be applied as a predictive approach. How-
ever, to produce the observed velocity patterns (Fig. 9 b) we can
adopt regression analysis for a suitable choice of b. Thus, denoting
the first term of (9), as the downward velocity at the hopper centre
line, m3ð0; zÞ ¼ Qffiffiffiffiffiffiffiffi

4pbz
p , we use a non-linear least square fit to find

m3ð0; zÞ and b in terms of the velocity patterns (Fig. 9 b). This simply
allows for omitting the derivation of Q from the mass flow rate
with respect to porosity evolution.

Distribution of the computed vertical velocity m3ðy; zÞ (Fig. 9 b)
clearly indicates a dominant plug flow with velocity maxima at
the centre of the hopper and the stagnant zones developed adja-
cent to the walls. Graphs depicted in Fig. 9c show good agreement
between the simulation and the fitted curves of Eqs. (9) and (10).
As can be seen, the diffusion length b becomes larger when z in-
creases in accord with some previous experimentally-based re-
ports [25,40,41]. The obtained parameter b also confirms the
condition of b > d (d is the mean diameter of the particles) proving
Litwiniszyn’s [42] stochastic model, where b was treated as a hypo-
thetical cage to replace a random walking particle. The values of b
to obtain the best fit for the velocity profiles increases from 2.29d
to 2.95d (Fig. 9c) replicating the experimentally found values. For
example, Tüzün and Nedderman [15] experimentally determined
that b � 2.3–3.0d for various particle sizes, Kafui and Tornton [44]
using DEM stated, b � 2.7d, Mullins [43] b � 2d for iron ore parti-
cles, while Medina et al. [41] found that diffusion length varies
from b � 1.5d up to �4d. In work [45], Nedderman and Tüzün’s
model was theoretically extended to account for eccentric dis-
charge in a 2D flat-bottomed hopper.

In summary, the approach averaging the particle-level veloci-
ties to found their continuum-based equivalent enabled us trans-
mitting 3D kinematical model to its planar equivalent [15].
Tuzun’s kinematical model fitting to the averaged velocity values
and comparison of the obtained values for the diffusion length
with their equivalent covered in literature seems to be a reason-
able way to evaluate the averaging technique.
8. Concluding remarks

The performed numerical modeling of filling and discharge pro-
cesses in plane-wedged, space-wedged and flat-bottomed hoppers
illustrated the potential of the DEM to understand and reproduce
the complex flow of granular material. Numerical results obtained
by combining the microscopic data of individual particles, statisti-
cal processing of particle assemblies and evaluation of the field
variables provided the essential characteristics for different re-
gimes of the discharge flow (within steady or unsteady state of
flow) and the differences in differently shaped hoppers due to dif-
ferent microscopic inter-particle friction. The obtained observa-
tions could be implemented for revising and developing the
continuum models, particularly for the space-wedged hoppers.

In particular, space-wedged hopper, in comparison to the plane-
wedged one, is characterized by the lower outflow velocities and
the longer discharge time. The plane-wedged hopper discharges
faster than the space-wedged one due to the plane flow, while,
the space-wedged geometry produces a space-retarded flow,
where the particles have more abilities to dissipate kinetic energy
by the contacts. In particular, an isotropic distribution of velocities
for the space-wedged hopper leads to the ability of particles to get
more contacts resulting in the reduced vertical velocity due to the
gravity acceleration. For the plane-wedged hopper, an anisotropic
velocity distribution with domination of the vertical velocity com-
ponent was clearly observed. This component induces the particles
movement toward the centre of the hopper with almost twice
higher velocity magnitude in comparison with the space-wedged
hopper.

Despite a small number of particles used the obtained results
are quite representative and observations comparable with the
continuum-based indications. The introduced rolling friction
(lR 2 ½0:002 0:01�) suppresses a local spin of the particles
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decreasing their rotational abilities and rotational kinetic energy;
however, the other parameters, such as, sliding friction, hopper
shape have a more significant effect on the material bulk flow
patterns.

It could be stated that the obtained DEM results are comparable
with the continuum-based indications. The DEM produced velocity
profiles in the 3D flat-bottomed hopper are adequate to those
determined by using the Nedderman and Tüzün’s kinematical
model. The diffusion length values of the theoretical model are
found to be in a good agreement with those reported in literature.
These values also confirm the hypothetical cage size to replace a
random walking particle according Litwiniszyn’s stochastic model.
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[9] R. Balevičius, R. Kačianauskas, Z. Mróz, I. Sielamowicz, Discrete element
method applied to multiobjective optimization of discharge flow parameters
in hoppers, Structural and Multidisciplinary Optimization 31 (2006) 163–175.

[10] W.R. Ketterhagen, B.C. Hancock, Optimizing the design of eccentric feed
hoppers for tablet presses using DEM, Computers and Chemical Engineering
34 (2010) 1072–1081.

[11] P.W. Cleary, M.L. Sawley, DEM modelling of industrial granular flows: 3D case
studies and the effect of particle shape on hopper discharge, Applied
Mathematical modelling 26 (2002) 89–111.

[12] P.W. Cleary, Industrial particle flow modelling using discrete element method,
Engineering Computations 26 (6) (2009) 698–743.

[13] C. González-Montellano, F. Ayuga, J.Y. Ooi, Discrete element modelling of grain
flow in a planar silo: influence of simulation parameters, Granular Matter,
doi:10.1007/s10035-010-0204-9.
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