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Abstract. In general, principal theoretical models of fatigue effect on reinforced concrete members split into two major 

groups. The first group of models, which is also the most common one, is based on S-N relationships and the static stress 

state. These models only provide a resistant number of load cycles without considering any redistribution of stresses or the 

strain development of concrete. The second group includes damage models, which do consider the fatigue deterioration of 

concrete. However, hard applicability to structural concerns and large computational efforts make them generally inadequate 

for practical applications. Present study aims at developing a simplified and transparent iterative analysis technique of rein-

forced concrete columns subjected to high-cycle fatigue loading. The technique based on the time-dependent material model 

proposed by Zanuy et al. (2009) allows evaluating the progressive degradation and stress redistribution of concrete.  

Keywords: cyclic loading, fatigue, progressive degradation, reinforced concrete, S-N curves. 

Introduction 

The effect of cyclic loading on reinforced concrete 

(RC) structures has become relevant in the last decades 

from the point of view of the adequate structural design 

and safety assessment. The present tendency of optimiza-

tion in structural design makes the materials to work at 

higher stresses and in case of RC members this becomes 

clear by employing more slender elements. It also ex-

plains a larger variation of stresses between the maximum 

and the minimum loads, which are tend to cause fatigue 

problems. That is the case of approach slabs, road pave-

ments or bridge deck slabs, where the dead load is much 

smaller than the live load. An appropriate design of dura-

ble RC structures has to consider all the possible deterio-

ration mechanisms, including both time- and cycle-

dependent effects. Cyclic loading is one of these effects 

and might be a determinant factor for a good structural 

performance. Therefore, a fatigue performance becomes 

an important limit state that must be considered by all the 

designers who are related to the structures (e.g. roads, 

wind power plants, offshore structures, different types of 

machinery foundations, etc.) that are often exposed to 

repeated loading. 

This article presents a new method to reproduce the 

behavior of RC elements under cyclic actions. A time-

dependent model including the progressive degradation 

of concrete in compression is applied (Zanuy et al. 2009). 

The application of the model enables overcoming prob-

lems presented by current design codes, which do not 

take into account the degradation mechanism of concrete. 

Such a method is very useful to assess the fatigue-

carrying capacity of existing structures that will be sub-

jected to higher loads in the future.  

A new approach to investigate stress and strain be-

havior of reinforced concrete columns subjected to axial 

high-cycle compressive loading is proposed herein. The 

aims of this article are: (1) to develop a model for time-

dependent stress-strain analysis of RC columns subjected 

to fatigue loading taking into account degradation of 

concrete; (2) using the proposed model to predict defor-

mation response of a reinforced concrete columns sub-

jected to high-cycle loading; (3) to perform a parametric 

analysis of stress-strain behavior of the column. 

Fatigue Model for Concrete in Compression 

A significant number of experimental investigations 

have analyzed the behavior of concrete under fatigue in 

compression. However, the majority of them were aimed 

only to obtain the maximum number of load cycles to 

failure (𝑁𝑓) under constant stress limits. The strong de-

pendence of the fatigue life on the upper stress level 𝜎𝑚𝑎𝑥  

has been observed (Holmen 1982). Other researchers 

have proposed different formulations to consider the ef-

fect of additional parameters, for instance, load frequen-

cy 𝑓, minimum stress level 𝜎𝑚𝑖𝑛  and stress ratio 𝑅 =

𝜎𝑚𝑖𝑛 𝜎𝑚𝑎𝑥⁄  (Aas-Jakobsen 1970; Tepfers and Kutti 1979; 

Stemland et al. 1990; Zhang et al. 1996). A model pro-
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posed by Hsu (1981) is the most applicable due to the 

most extensive approach on the influence of several pa-

rameters that other authors neglect or do not evaluate: 

 log 𝑁𝑓 =
1+0,0294 log 𝑓−𝑆𝑚𝑎𝑥

0,0662(1−0,556𝑅)
, 𝑁𝑓 ≥ 1000, (1) 

where 𝑆𝑚𝑎𝑥   is normalized maximum stress,  

𝑆𝑚𝑎𝑥 = 𝜎𝑚𝑎𝑥 𝑓𝑐𝑚⁄ ; 𝑓𝑐𝑚 is the mean value of concrete 

compressive strength. 

Time-dependent material model 

Time-dependent material model was first introduced 

by Zanuy et al. (2009) and aimed at the uniaxial behavior 

of concrete under cyclic loading. As already stated be-

fore, the fatigue response of concrete in compression is 

highly dependent on the stress level. Therefore, a reliable 

stress-strain relationship for the short-term (static) behav-

ior of concrete is necessary. For that reason, the generally 

accepted nonlinear σ-ε curve for normal-strength concrete 

in compression of the Model Code 2010 (CEB-FIP 2012)  

 

Fig. 1. Static stress-strain relationship for concrete in 

compression 

is taken to provide the initial stress-strain state of the 

fatigue process (𝑁 = 1) and is also used as a failure en-

velope for the cyclic process (Fig. 1). The expression is 

as follows: 

 for ascending branch of the σ-ε curve: 
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 for descending branch of the σ-ε curve: 
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where 𝐸𝑐 is the initial tangent modulus of deformation, 

𝜀𝑙𝑖𝑚 is the concrete strain at 0,5𝑓𝑐𝑚 in the softening part 

of the curve, and 𝜀𝑐 indicates the concrete strain that cor-

responds to the peak stress 𝑓𝑐𝑚. 

To consider the fatigue effect of concrete, a time-

dependent material model based on maximum concrete 

strain 𝜀𝑚𝑎𝑥 is proposed. Selected variable is able to de-

fine the material state at a determined instant of the fa-

tigue life (𝑁 𝑁𝑓⁄ ) (see Fig. 2) 

 

Fig. 2. Scheme of theoretical model (Zanuy et al. 2009) 

According to Zanuy et al. (2009), the model as-

sumes that the reproduction of the fatigue process cycle 

by cycle is numerically ineffective, so analytical expres-

sion for the maximum strain with respect to the number 

of cycles is required. The equation of 𝜀𝑚𝑎𝑥 is expressed 

as a function of the number of cycles and the loading 

conditions: 

 𝜀𝑚𝑎𝑥 = 𝑓 (
𝑁

𝑁𝑓
,

𝜎𝑚𝑎𝑥

𝑓𝑐𝑚
,

𝜎𝑚𝑖𝑛

𝑓𝑐𝑚
). (5) 

In order to identify the relative lifetime instant, the re-

sistant number of cycles (𝑁𝑓) is necessary. To obtain 𝑁𝑓, 

the S-N curves proposed by Hsu (refer to Eq. (1)) are 

selected due to the most extensive approach on the influ-

ence of several parameters. As it has already mentioned 

before, cyclic loading causes a redistribution of stresses 

in concrete components. This means that a process of 

variable stress limits is developed in each material fiber. 
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Therefore, the direct application of equation Error! Ref-

erence source not found. is not possible and the process 

is estimated by a number of shorter processes for which 

constant stress limits can be presumed. To relate them to 

each other, an accumulation criterion is required, thus the 

concept of the equivalent number of cycles (𝑁𝑒𝑞) is now 

introduced as a new accumulation rule (Zanuy et al. 

2009). The parameter 𝑁𝑒𝑞  is the number of load cycles 

that is necessary to be applied in a fatigue process with 

constant limits (𝜎𝑚𝑎𝑥 ,𝜎𝑚𝑖𝑛) until a total strain of 𝜀𝑚𝑎𝑥 is 

reached. It may be simply calculated using the complete 

analytical expression (refer to Eq.  (5) and (7) to (16)). 

The new concept can be easily explained by imagin-

ing a concrete specimen, which is first subjected to 𝑁𝑛 

load cycles with constant limits (𝜎𝑚𝑎𝑥,𝑛 , 𝜎𝑚𝑖𝑛,𝑛) and then 

to 𝑁(𝑛+1) additional cycles varying between (𝜎𝑚𝑎𝑥,(𝑛+1),

𝜎𝑚𝑖𝑛,(𝑛+1)) (see Fig. 3(a)). The concept of the equivalent 

number of cycles allows to obtain the strain increase due 

to the last 𝑁(𝑛+1) excursions by means of the following 

expression: 

 ∆𝜀 = 𝜀𝑚𝑎𝑥,(𝑛+1) − 𝜀𝑚𝑎𝑥,𝑛 =

𝑓 (
𝑁𝑒𝑞,𝑛+𝑁(𝑛+1)

𝑁𝑓
,

𝜎𝑚𝑎𝑥,(𝑛+1)

𝑓𝑐𝑚
,

𝜎𝑚𝑖𝑛(𝑛+1)

𝑓𝑐𝑚
) − 𝜀𝑚𝑎𝑥,𝑛. (6) 

The calculation of the strain increment is explained in 

Fig.  3(b). There, 𝑁𝑒𝑞,𝑛 is the number of load cycles 

needed to develop a total strain 𝜀𝑚𝑎𝑥,𝑛 in the fatigue pro-

cess under stress levels (𝜎𝑚𝑎𝑥,(𝑛+1), 𝜎𝑚𝑖𝑛,(𝑛+1)). The 

additional number of cycles 𝑁(𝑛+1) must be introduced 

from point B, leading to the strain increase EF. It is ap-

parent from Fig.  3(b) that this value is smaller than the 

one obtained without introducing the equivalent number 

of cycles (segment CD), which is based on generally 

accepted damage accumulation model presented by 

Palmgren-Miner (Miner 1945). 

Evolution law for strain 

According to Zanuy et al. (2009), the evolution law for 

the total strain is determined from the data available in 

the literature. The proposed curve of strain evolution (see 

Fig.  4) reproduce three typical stages of the fatigue pro-

cess of concrete. Second-order parabolic equations 

(Eq. (7) and (9)) are used for the first and third stages, 

whereas a linear expression (Eq. (8)) is employed for the 

second stage, so that the experimental S-shaped evolution 

(see Fig.  4) is attained. According to Holmen (1982), the 

transition points between stages 1-2 and 2-3 are supposed 

to occur at 10% and 80% of the fatigue live, respectively. 

 

 

Fig. 3. (a) Load history with two different stress level steps; and 

(b) strain increment employing equivalent number of cycles 

(Zanuy et al. 2009) 

 

Fig. 4. Variation of concrete deformations with number of 

cycles 

The strain evolution curve is defined as follows: 

 
𝜀𝑚𝑎𝑥

𝜀0
= 1 + 𝐴

𝑁

𝑁𝑓
+ 𝐵 (

𝑁

𝑁𝑓
)

2

,   0,0 ≤
𝑁

𝑁𝑓
< 0,1, (7) 

 
𝜀𝑚𝑎𝑥

𝜀0
= 𝜀1−2 + 𝜀2 (

𝑁

𝑁𝑓
− 0,1) ,   0,1 ≤

𝑁

𝑁𝑓
< 0,8, (8) 

 
𝜀𝑚𝑎𝑥

𝜀0
= 𝜀1−2 + 𝜀2 (

𝑁

𝑁𝑓
− 0,1) + 𝐶 (

𝑁

𝑁𝑓
− 0,8)

2

,  

 0,8 ≤
𝑁

𝑁𝑓
< 1;  (9) 

where 

 𝐴 = 20(𝜀1−2 − 1) − 𝜀2, (10) 

 𝐵 = 100(1 − 𝜀1−2) + 10𝜀2,  (11) 
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 𝐶 = 25 (
𝜀𝑓𝑎𝑖𝑙

𝜀0
− 𝜀1−2 − 0,9𝜀2). (12) 

Equations (7) to (9) give the maximum strain with respect 

to its initial value 𝜀0 at the first load cycle (𝑁 = 1). The 

ratio 𝜀1−2 defines the relative strain at 0,1𝑁𝑓, which is the 

transition between stages 1 and 2, and 𝜀2 provides the 

constant strain rate of the second domain. Both are de-

fined according to Holmen’s approach (Holmen, 1982):  

 𝜀1−2 =
1,184

𝑆𝑚𝑎𝑥
, (13) 

 𝜀2 =
0,74037

𝑆𝑚𝑎𝑥
, (14) 

 𝜀2 ≤
1

0,9
(

𝜀𝑓𝑎𝑖𝑙

𝜀0
− 𝜀1−2). (15) 

Algorithm of Concrete Capacity for Redistribution 

Processes 

Due to an extensive and numerous disclosure of the 

proposed algorithm a further sectional analysis is not 

being described. A detailed description will be provided 

in author’s thesis.  

Therefore, a flow-chart of the proposed algorithm 

based on the time-dependent material model suggested by 

Zanuy et al. (2009) is presented here (see Fig.  5). The 

algorithm displays a redistribution of stresses of rein-

forced concrete columns subjected to high-cycle fatigue 

loading. A step-by-step procedure is being introduced in 

order to get a total evolution of the degradation mecha-

nism of concrete until it reaches failure instant. The limit 

state of failure of RC column is governed either by the 

yielding of reinforcement (e.g. 400 MPa, referring to 

S400) or by concrete reaching the maximum number of 

load cycles (𝑁𝑓). 

Numerical analysis of reinforced concrete columns 

A numerical research is carried out by applying an 

algorithm presented above. Four columns subjected to 

cyclic loading have been analyzed (see Fig. 6 and Ta-

ble 1). Results of numerical analysis are summarized by 

graphical illustrations in Fig. 7 to Fig. 9, and in Table 2. 

Table 1. Main characteristics of analyzed columns 

No. 
ρ, 

% 

fcm, 

MPa 

Ec, 

GPa 

Es, 

GPa 

f, 

Hz 
S0,max S0,min 

A 0,503 

38 33,5 205 5 0,80 0,40 
B 1,131 

C 1,689 

D 2,182 

 

Fig. 5. A flow-chart of the proposed algorithm 

 

 

Fig. 6. Cross-sections of the studied columns 
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Fig. 7. Evolution of longitudinal strain with number of cycles 

regarding to reinforcement ratio 

 

Fig. 8. Evolution of maximum stress with number of cycles 

regarding to reinforcement ratio 

 

Fig. 9. Evolution of maximum stress level with number of 

cycles regarding to reinforcement ratio 

As can be seen from the Fig. 7, total strain evolution 

has three distinct stages. In the first stage, as well as in 

the second, the reinforcement ratio has no significant 

influence on the total strain. Meanwhile, the third stage, 

particularly at the failure instant, exhibits rather essential 

dependency of total strain on reinforcement ratio. This 

leads to more rapid total strain growth with increasing 

reinforcement ratio. Fig. 8 and Fig. 9 demonstrate evolu-

tion of maximum stress and stress level with number of 

load cycles, respectively. The biggest stress drop in com-

parison with its initial value can be observed in a member 

with the highest reinforcement ratio. Therefore, a phe-

nomenon of redistribution process of stress in concrete 

becomes more obvious with increasing reinforcement 

ratio.  

In order to evaluate the adequacy of proposed tech-

nique, the obtained results have been compared with two 

generally prevailing fatigue assessment methods. The 

first one is taken from Model Code 2010 and is based on 

Stemland et al. The second model proposed by Hsu is 

applied due to the most extensive approach on the influ-

ence of several parameters. 

To assess the stress redistribution of concrete, the 

Palmgren-Miner damage accumulation hypothesis have 

been adopted for the models of Stemland et al. and Hsu, 

whereas the concept of the equivalent number of cycles 

(𝑁𝑒𝑞) has been applied for the model of Zanuy et al. The 

comparison of results is given in Table 2. According to 

Stemland et al. and Hsu, the maximum number of load 

cycles to failure (𝑁𝑓) considering the stress redistribution 

of concrete is 1.8 to 31.9 and 2.1 to 93.3 times, respec-

tively, greater than under constant stress limits. Although 

Stemland et al., Hsu and Zanuy et al. models do take into 

account stress redistribution processes, the estimated 

maximum number of load cycles differs significantly. 

The higher reinforcement ratio in RC columns makes the 

Palmgren-Miner hypothesis to be inaccurate while giving 

the smaller resistant number of cycles, thus overestimat-

ing failure state of concrete. 

Table 2. Comparison of results of RC columns A, B, C and D under different models 

No. 

Reinforcement 

ratio 

Stemland et al. 

(constant stress 

limits) 

Stemland et al.  

(stress redistribution) 

Hsu  

(constant stress 

limits) 

Hsu 

(stress redistribution) 
Zanuy et al.  

S400 

𝜌, % 𝑁𝑓 𝑁𝑓 𝑁𝑓 𝑁𝑓 𝑁𝑓 

A 0,503 8629 15621 41149 88391 127616 

B 1,131 8629 45035 41149 336943 691906 

C 1,689 8629 117687 41149 1197729 3108498 

D 2,182 8629 275388 41149 3841468 11683885 
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Conclusions 

This paper aims at contributing to a better under-

standing of fatigue influence on stress and strain behavior 

of reinforced concrete columns subjected to high-cycle 

loading. Having conducted thorough literature review, 

investigated methodology of fatigue assessment and per-

formed numerical and comparative analysis, the follow-

ing conclusions can be drawn: 

1. A time-dependent model for concrete under fa-

tigue is necessary to adequately reproduce the behavior of 

reinforced concrete under cyclic loading. 

2. Using the time-dependent material model pro-

posed by Zanuy et al. (2009), a simplified and transparent 

iterative analysis technique of reinforced concrete col-

umns subjected to high-cycle fatigue loading has been 

proposed. 

3. The proposed technique allows evaluating the 

progressive time-dependent degradation and stress redis-

tribution of concrete. 

4. A numerical analysis of reinforced concrete col-

umns subjected to high-cycle fatigue loading has shown 

that the resistant number of cycles, next to well estab-

lished parameters such as maximum stress level, stress 

ratio and loading frequency, is greatly affected by rein-

forcement ratio. The members with higher reinforcement 

ratio have larger redistribution capability and reach high-

er number of load cycles till failure. 

5. The performed comparative analysis of prevailing 

fatigue assessment methods has shown that the higher 

reinforcement ratio in RC columns makes a generally 

accepted Palmgren-Miner damage accumulation rule to 

be inaccurate while giving the smaller resistant number of 

cycles, thus overestimating the failure state of concrete. 
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CIKLINE APKROVA VEIKIAMŲ GELŽBETONINIŲ 

ELEMENTŲ ĮTEMPIŲ IR DEFORMACIJŲ ANALIZĖ 

V. Tamulėnas, V.Gelažius 

Santrauka 

Teoriniai modeliai, taikomi gelžbetoninių konstrukcijų 

nuovargio poveikio vertinimui, paprastai yra skirstomi į dvi 

pagrindines grupes. Pirmoji modelių grupė, kuri ir yra labiausiai 

paplitusi, remiasi S-N kreivėmis ir statiniu konstrukcijos įtem-

pių būviu. Šie modeliai pateikia tik galutinį apkrovos ciklų 

skaičių iki konstrukcijos suirimo ir neatsižvelgia į betono įtem-

pių persiskirstymą, ar deformacijų kitimo raidą. Antroji grupė 

apima irimo teorijos modelius, kuriuose atsižvelgiama į laips-

nišką betono silpnėjimą. Tačiau dėl pernelyg sudėtingo realaus 

konstrukcinio pritaikymo ir dėl per didelių skaičiavimo progra-

mų resursų poreikio praktinis šių modelių panaudojimas nėra 

išvystytas. Todėl remiantis Zanuy et al. (2009) pasiūlytu mode-

liu, kuris leidžia įvertinti laipsnišką betono įtempių degradaciją 

ir jų perskirstymą, buvo sukurtas ir išplėtotas supaprastintas ir 

aiškus gelžbetoninių kolonų, veikiamų daugiacikle apkrova, 

iteracinis analizės metodas. 

Reikšminiai žodžiai: ciklinė apkrova, gelžbetonis, laipsniškas 

silpnėjimas, nuovargis, S-N kreivės. 

 


