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Abstract 

Layered concrete structural elements consist of two or more concrete layers cast 

at different times and often with varying material properties. These elements can 

offer significant structural, architectural, and environmental advantages, provided 

that composite behaviour between the layers is maintained. The key factor gov-

erning this composite action is the performance of the interface between the con-

crete layers. In practice, the interface may exhibit reduced initial stiffness and will 

inevitably experience stiffness degradation as cracking develops. As the interface 

loses stiffness, the individual layers begin to perform more independently, leading 

to a reduction in the overall flexural stiffness of the layered element. Despite this, 

most current design codes lack an analytical approach for calculating deflections 

that account for interface partial shear connection, and such methods remain lim-

ited in scientific literature. In practice, standard reinforced concrete flexural anal-

ysis is typically suggested. 

This dissertation proposes an analytical approach to determine the flexural 

stiffness (deflection) of layered concrete elements, accounting for the varying in-

terface stiffness as the element deforms. The approach begins with an interface 

behaviour model, which describes the relationship between interface shear stress 

and layer slip. This model is characterised by four distinct stages of interface be-

haviour, each governed by different shear mechanisms, interface material proper-

ties, and a differential shrinkage effect. It remains applicable from the onset of 

interface loading through to significant interface deformations. From the shear 

stress-slip relationship, the variable interface shear stiffness modulus is derived. 

This modulus is then used in the second stage of the analytical approach: the built-

up layers deflection estimation model. This model allows for the calculation of 

deflection in layered elements while accounting for the stiffness of individual lay-

ers, the composite stiffness of the entire element, evolving geometries due to 

cracking, and the changing interface shear stiffness. 

Experimental and numerical analyses were conducted on concrete interfaces 

and layered concrete elements subjected to bending. The interface analysis pro-

vided insights into the effects of concrete strength, connector geometry and 

strength, differential shrinkage, interface roughness, and its overall geometry on 

interface strength, stiffness, and the intensity of different shear mechanisms. The 

analysis of layered beams and slabs clarified the cracking behaviour of individual 

concrete layers, the distribution of shear stress along the interface, the influence 

of connector inclination, and layer depth on flexural capacity and cracking pat-

terns. Experimental results were used to validate the proposed analytical ap-

proach, showing strong agreement and confirming its effectiveness for analysing 

layered concrete elements. 
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Reziumė 

Sluoksniuotieji gelžbetoniniai konstrukciniai elementai susideda iš dviejų ar dau-

giau betono sluoksnių, betonuotų skirtingu laiku ir dažnai pasižyminčių skirtingo-

mis medžiagų savybėmis. Šie elementai gali suteikti reikšmingų konstrukcinių, 

ekonominių ir aplinkosauginių pranašumų, jei užtikrinamas bendras sluoksnių 

darbas. Pagrindinis veiksnys, lemiantis šią kompozitinę elgseną, yra betono 

sluoksnių jungties darbas. Realiomis sąlygomis jungtis gali būti mažesnio (nei 

monolitinio) pradinio standumo. Galiausiai, standumas neišvengiamai mažėja 

jungčiai pleišėjant. Atskiri sluoksniai pradeda dirbti individualiau, dėl ko mažėja 

bendras sluoksniuotojo elemento lenkiamasis standumas. Daugumoje dabartinių 

projektavimo normų ir mokslinėje literatūroje trūksta analitinių įlinkio skaičia-

vimo metodų, vertinančių dalinį jungties standumą. Vietoj to rekomenduojama 

standartinė lenkiamo gelžbetoninio elemento analizė. 

Disertacijoje siūlomas analitinis metodas sluoksniuotų gelžbetoninių ele-

mentų lenkiamajam standumui (įlinkiui) nustatyti, atsižvelgiant į kintantį jungties 

standumą elementui deformuojantis. Pirmas metodo žingsnis – jungties šlyties 

standumo modelis, kuris apibūdina santykį tarp jungties šlyties įtempių ir sluoks-

nių pasislinkimo. Modelis susideda iš keturių jungties elgsenos stadijų. Kiekvie-

noje stadijoje vertinami skirtingi šlyties mechanizmai. Šiame modelyje taip pat 

vertinamas ir sluoksnių traukumo skirtumo efektas. Jungties standumo modelis 

gali būti taikomas nuo jungties apkrovimo pradžios iki žymių jungties deforma-

cijų. Iš žinomo šlyties įtempių ir sluoksnių pasislinkimo santykio nustatomas kin-

tantis jungties šlyties standumo modulis. Šis dydis naudojamas antrajame analiti-

nio metodo etape – sudėtinių sluoksnių modelyje. Šiuo modeliu apskaičiuojamas 

sluoksniuoto elemento įlinkis, atsižvelgiant į atskirų sluoksnių standumą, viso e-

lemento kompozitinį standumą, kintantį jungties šlyties standumą ir kintančias 

geometrines charakteristikas dėl sluoksnių pleišėjimo. 

Eksperimentinė ir skaitinė analizė atlikta tiriant sluoksnių jungtis ir sluoks-

niuotus lenkiamus gelžbetoninius elementus. Jungties analizės rezultatai suteikė 

žinių apie betono stiprumo, jungties inkarų geometrijos ir stiprumo, sluoksnių 

traukumo skirtumo, jungties šiurkštumo ir jos geometrijos įtaką jungties stipru-

mui, standumui ir skirtingų šlyties mechanizmų intensyvumui. Lenkiamųjų ele-

mentų analizė suteikė žinių apie betono sluoksnių pleišėjimo pobūdį, šlyties įtem-

pių pasiskirstymą jungtyje, inkarų išdėstymo ir sluoksnio storio įtaką lenkiamajai 

galiai ir pleišėjimo pobūdžiui. Eksperimentiniai rezultatai buvo naudojami siū-

lomo analitinio metodo validacijai. Dėl artimo eksperimentinių ir analitinių re-

zultatų sutapimo galima patvirtini pasiūlyto analitinio metodo tinkamumą sluoks-

niuotų elementų analizei. 
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Notations 

Symbols 

effG  – interface shear stiffness modulus (liet. jungties šlyties standumo modulis); 

τ  – interface shear stress (liet. jungties šlyties įtempiai); 

s  – interface layer slip (liet. jungties sluoksnių pasislinkimas); 

cE  – concrete elastic modulus (liet. betono tamprumo modulis); 

η  – shear stress intensity coefficient (liet. šlyties įtempių intensyvumo koeficientas); 

ctf  – concrete tensile strength (liet. betono tempiamasis stipris); 

cf  – concrete compressive strength (liet. betono gniuždomasis stipris); 

yf  – reinforcement/connector yield stress (liet. armatūros / inkarų takumo įtempiai); 

1LS  – first moment of area of the bottom layer (liet. pirmojo sluoksnio statinis momen-
tas); 

LS  – first moment of area of composite cross-section (liet. kompozitinio skerspjūvio sta-
tinis momentas); 

κ  – concrete and connectors’ contribution coefficient (liet. betono ir inkarų įtakos koefi-
cientas); 

D  – fourth interface behaviour stage coefficient (liet. ketvirtos jungties darbo stadijos 
koeficientas); 

μ  – interface surface friction coefficient (liet. jungties paviršiaus trinties koeficientas); 

cα  – connector inclination angle (liet. inkarų posvyrio kampas); 

ρ  – connector ratio (liet. inkarų santykis); 

sA  – connector cross-sectional area (liet. inkarų skerspjūvio plotas); 
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nσ  – compressive stress (liet. gniuždomieji įtempiai); 

frτ  – friction shear stress (liet. trinties šlyties įtempiai); 

dwτ  – dowel action shear stress (liet. kaiščio efekto šlyties įtempiai); 

shσ  – differential shrinkage shear stress (liet. sluoksnių susitraukimo skirtumo efekto šly-
ties įtempiai); 

vF  – differential shrinkage longitudinal force (liet. sluoksnių susitraukimo skirtumo e-
fekto išilginė jėga); 

F  – second layer tensile force (liet. antro sluoksnio tempiamoji jėga); 

cM  – composite cross-section bending moment (liet. kompozitinio skerspjūvio lenkimo 
momentas); 

1M   – first layer bending moment due to bent reinforcement (liet. pirmojo sluoksnio len-
kimo momentas dėl lenkiamos armatūros); 

2M   – second layer bending moment due to bent reinforcement (liet. antrojo sluoksnio 
lenkimo momentas dėl lenkiamos armatūros); 

S  – first moment of area of one layer (liet. vieno sluoksnio statinis momentas); 

cI  – moment of inertia of composite cross-section (liet. kompozitinio skerspjūvio inerci-
jos momentas); 

e  – distance between composite and second layer centroids (liet. atstumas tarp kompozi-
tinio ir antro sluoksnio svorio centrų); 

il  – interface length (liet. jungties ilgis); 

b  – interface width (liet. jungties plotis); 

2h  – second layer height (liet. antro sluoksnio aukštis); 

1y  – bottom-centroid first layer distance (liet. pirmo sluoksnio apačios-svorio centro 
atstumas); 

2y  – top-centroid second layer distance (liet. antro sluoksnio viršaus-svorio centro ats-
tumas); 

1a  – bottom-reinforcement first layer distance (liet. pirmo sluoksnio apačios-armatūros 
centro atstumas); 

2a  – top-reinforcement first layer distance (liet. antro sluoksnio viršaus-armatūros 
centro atstumas); 

2A  – second layer cross-section area (liet. antro sluoksnio skerspjūvio plotas); 

1sA  – first layer reinforcement area (liet. pirmo sluoksnio armatūros plotas); 

2sA  – first layer reinforcement area (liet. antro sluoksnio armatūros plotas); 

m  – first-second layer elastic modulus ratio (liet. pirmo-antro sluoksnių tamprumo mo-
dulių santykis); 

,c effE  – composite cross-section concrete elastic modulus (liet. kompozitinio skerspjūvio 
betono tamprumo modulis); 

sE  – reinforcement elastic modulus (liet. armatūros tamprumo modulis); 

1ε  – first layer free shrinkage (liet. pirmo sluoksnio laisvosios traukumo deformacijos); 

2ε  – second layer free shrinkage (liet. antro sluoksnio laisvosios traukumo deformaci-
jos); 

sε  – differential shrinkage strain (liet. sluoksnių susitraukimo deformacijų skirtumas); 

2.yε  – second layer centroid shrinkage strain (liet. traukumo deformacija antro sluoksnio 
svorio centre); 
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1.tε  – shrinkage strain at the top of the first layer (liet. traukumo deformacija pirmo 
sluoksnio viršuje); 

2.tε  – shrinkage strain at the top of the second layer (liet. traukumo deformacija antro 
sluoksnio viršuje); 

1.0ε  – initial first-layer shrinkage (liet. pradinė pirmo sluoksnio traukumo deformacija); 

2.cε  – concrete tensile strain (liet. betono tempiamoji deformacija); 

2.rε  – shrinkage restriction due to contact between the layers (liet. traukumo suvaržymas 
dėl sluoksnių kontakto); 

2.sε  – shrinkage restriction due to layer size effect (liet. traukumo suvaržymas dėl sluoks-
nių dydžio efekto); 

cσ  – tensile stress in concrete due to shrinkage (liet. tempimo įtempiai betone dėl trau-
kumo); 

R  – shrinkage restriction coefficient (liet. traukumo suvaržymo koeficientas); 

w  – deflection (liet. įlinkis); 

l  – span of the element under bending (liet. lenkiamo elemento tarpatramis); 

M – bending moment of the element under bending (liet. lenkiamo elemento lenkiama-
sis momentas); 

eff effE I  – flexural stiffness of the layered element (liet. sluoksniuoto elemento lenkiama-
sis standumas); 

1/ D  – flexural stiffness of layered element (liet. sluoksniuoto elemento lenkiamasis 
standumas); 

λ  – coefficient, describing interface shear stiffness (liet. koeficientas, apibudinantis 
jungties šlyties standumą); 

γ  – coefficient, describing interface shear stiffness (liet. koeficientas, apibudinantis 
jungties šlyties standumą); 

α  – coefficient, describing interface shear stiffness (liet. koeficientas, apibudinantis 
jungties šlyties standumą); 

,1,eff crA  – first layer cross-sectional area (liet. pirmo sluoksnio skerspjūvio plotas); 

,2,eff crA  – second layer cross-sectional area (liet. antro sluoksnio skerspjūvio plotas); 

,1,eff crI  –  first layer moment of inertia (liet. pirmo sluoksnio inercijos momentas); 

,2,eff crI  –  second layer moment of inertia (liet. antro sluoksnio inercijos momentas); 

, ,1c effE  –  first layer concrete elastic modulus (liet. pirmo sluoksnio betono tamprumo 
modulis); 

, ,2c effE  –  second layer concrete elastic modulus (liet. antro sluoksnio betono tamprumo 
modulis); 

effz  –  distance between centroids of the layers (liet. atstumas tarp sluoksnių svorio 
centrų); 

,  i crx  –  neutral axis of cracked cross-section (liet. supleišėjusio skerspjūvio neutraliosios 
ašies padėtis); 

id  –  layer effective depth (liet. naudingasis sluoksnio skerspjūvio aukštis); 

V –  transverse load (liet. skersinė apkrova). 
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Abbreviations 

DIC – digital image correlation (liet. skaitmeninės vaizdo koreliacijos metodas);  

EC – Eurocode (liet. konstrukcijų projektavimo standartas „Eurokodas“); 

LVDT – linear variable differential transformer (liet. tiesinis kintamo diferencialo trans-
formatorius); 

MC – Model Code (liet. konstrukcijų projektavimo standartas „Model Code“); 

RC – reinforced concrete (liet. gelžbetonis); 

RMSE – root mean square error (liet. vidutinis kvadratinis nuokrypis); 

UHPFRC – ultra-high-performance fibre-reinforced concrete (liet. itin aukšto stiprumo 
pluoštu armuotas betonas).
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Introduction 

Problem Formulation  

Structural elements composed of concrete layers cast at different times, often with 

different properties, are referred to as layered concrete structural elements. When 

an additional layer of higher-strength concrete is used, such elements may offer 

several advantages over solid cross-sections, including lower material consump-

tion, smaller structural depth, reduced deflections, and increased shear capacity. 

Concrete overlays may also be used to strengthen existing structures, making ren-

ovation more sustainable by reducing demolition, material use, and waste. In ad-

dition, layered elements can incorporate plastic void formers, which reduce self-

weight and concrete volume while providing environmental benefits through 

lower cement consumption and the use of recycled plastic. Examples of layered 

concrete structural elements include filigree slabs, bridge girders with concrete 

decks, and hollow-core slabs with an additional concrete topping. Concrete may 

also be cast in stages for technological reasons. 

The performance of layered concrete structural elements largely depends on 

the characteristics of the interface between the layers. Insufficient bond reduces 

the shear stiffness of the interface and, consequently, the overall flexural stiffness 

of the element under bending. Studies have shown (Cavaco & Camara, 2017; Fo-

raboschi, 2009; Marčiukaitis et al., 2006) that interfaces in layered structures 
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rarely exhibit full-shear connection and should be treated as elements of partial-

shear connection, even before loading.  

Most concrete design codes and existing theoretical models do not account 

for the partial-shear connection of concrete interfaces. They commonly assume a 

perfectly bonded interface and recommend structural analysis procedures identi-

cal to those used for solid cross-section elements, as a result, overestimating the 

flexural stiffness of a layered concrete element. Neglecting discrete concrete lay-

ers introduces additional significant limitations. Ignoring the distinct material 

properties and geometric characteristics of a layer leads to additional inaccurate 

predictions of flexural stiffness. Furthermore, disregarding the performance of in-

dividual layers prevents predicting individual layer cracking. Lastly, existing an-

alytical models reported in the literature do not account for the differential shrink-

age effect arising from different casting times of concrete layers. This 

phenomenon induces interface stresses that reduce interface strength and stiffness. 

Relevance of the Dissertation  

This dissertation presents an analysis of concrete interfaces and the behaviour of 

layered concrete elements subjected to bending. Novel theoretical models for in-

terface strength and stiffness, differential shrinkage effect, and for the flexural 

stiffness of layered elements are introduced. Together, these developments pro-

pose a new analytical layered concrete element stiffness approach that explicitly 

incorporates the partial-shear connection of the interface. The experimental and 

numerical investigations carried out in this work deepen the understanding of lay-

ered concrete elements and their interfaces, including the factors that influence 

their performance. The proposed theoretical models broaden the analytical possi-

bilities for evaluating such elements. By appropriately accounting for interface 

behaviour and more accurately predicting structural performance, safer and more 

efficient design of layered concrete elements can be achieved. This, in turn, ena-

bles the effective use of their advantages: reduced material consumption, faster 

construction, environmentally favourable solutions, and both structural and eco-

nomic benefits. 

Research Objects   

The objects of the presented research are the behaviour analysis of layered con-

crete elements, the shear stiffness model of concrete layer interfaces, and the flex-

ural stiffness model of layered concrete elements, all subjected to static monotonic 

short-term load. 
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Aim of the Dissertation  

This dissertation aims to develop an analytical model for evaluating the flexural 

stiffness of layered concrete elements under bending, accounting for the proper-

ties and behaviour of the layer interfaces. 

Tasks of the Dissertation  

The following research tasks were defined: 

1. To review existing research on layered concrete interfaces and layered 

concrete elements subjected to bending, including previously proposed 

theoretical models describing interface behaviour and flexural behaviour 

of a layered element under bending. 

2. To develop an analytical model for concrete interface behaviour, which 

accounts for the differential shrinkage effect. 

3. To develop an analytical flexural stiffness model for layered concrete el-

ements under bending, which accounts for partial interface shear connec-

tion. 

4. To perform a numerical analysis of a semi-precast concrete slab incorpo-

rating plastic void formers. 

5. To carry out experimental investigations of layered concrete interfaces, 

layered concrete beams and layered concrete slabs. 

6. To validate the proposed analytical models by comparing analytical re-

sults to experimental test and numerical analysis results. 

Research Methodology 

To investigate the research objects, the following methods were employed: 

− Theoretical methods: analytical models describing the behaviour of con-

crete interfaces and layered concrete elements subjected to bending were 

developed. In addition, a numerical model of a layered concrete element 

was created. 

− Experimental methods: concrete interfaces and layered concrete elements 

under bending were experimentally tested. 

− Statistical methods: conclusions were drawn by collecting, analysing and 

explaining the statistical data. 
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Scientific Novelty of the Dissertation  

The scientific novelty of the theoretical and experimental investigations of layered 

concrete elements is summarised as follows: 

1. Novel analytical calculation models were created capable of predicting 

the stiffness and shear strength of layered concrete interfaces, as well as 

the flexural stiffness of layered concrete elements with partial-shear con-

nection interfaces. 

2. A new theoretical model was created to determine differential shrinkage 

strain and the resulting differential shrinkage-induced interface shear 

stress, affecting interface performance. 

3. Novel data was produced on the factors governing the strength and stiff-

ness of layered concrete interfaces and layered concrete elements under 

bending, including analysis of failure modes and cracking behaviour. 

4. Novel data was produced on the numerical modelling procedures and nu-

merical analysis of layered concrete elements. 

Practical Value of the Research Findings 

The aspects of practical value in the theoretical and experimental investigations 

of layered concrete elements are as follows: 

1. A novel theoretical calculation model that can be used in the design of 

layered concrete interfaces. This model enables the selection of optimal 

material properties and reduces the risk of prevalent failure modes.  

2. A novel differential shrinkage model for evaluating the severity of dif-

ferential shrinkage effects on concrete interface shear resistance and stiff-

ness. 

3. A novel theoretical flexural stiffness model that can be applied in the de-

sign of layered concrete elements with partial-shear connection inter-

faces. By accounting for the actual interface shear stiffness, this model 

allows for a more accurate estimation of the flexural stiffness of the lay-

ered element. 

4. Experimental results for concrete interfaces and layered concrete ele-

ments provide practical insights into failure modes, cracking patterns, 

material influences, and other factors governing the behaviour of the 

studied elements. 
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5. By using the analysis data presented in this dissertation, the practical ben-

efits of layered concrete elements can be more effectively exploited, in-

cluding reduced material consumption, accelerated construction, envi-

ronmentally favourable engineering solutions, structural and economic 

advantages. 

Defended Statements  

The following statements, based on the results of the present investigation, may 

serve as the official hypotheses to be defended: 

1. The proposed analytical method for layered concrete interface behaviour 

accurately predicts the interface shear stress–layer slip relationship 

throughout the four stages of interface behaviour. From known shear 

stress and corresponding slip values, the interface shear stiffness modulus 

can be determined. 

2. The proposed differential shrinkage model accurately predicts differen-

tial shrinkage strain and the resulting differential shrinkage-induced in-

terface shear stress. 

3. The proposed analytical method, which accounts for partial interface 

shear connection, accurately predicts the deflection of layered concrete 

elements subjected to bending across different levels of interface stiffness 

and imposed loading. 

Approval of the Research Findings 

The research findings of the dissertation have been published in five scientific 

articles, four of them in Web of Science journals with an Impact Factor. The re-

search results were presented at three scientific conferences, two of which were 

international: 

− 25th Conference for Lithuanian Junior Researchers “Science – Future of 

Lithuania”, Civil Engineering. Vilnius, Lithuania, 2021. 

− 14th International Conference Modern Building Materials, Structures and 

Techniques (MBMST 2023). Vilnius, Lithuania. 

− 5th International Conference on Civil Engineering Fundamentals and Ap-

plications (ICCEFA 2024). Lisbon, Portugal.  
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Structure of the Dissertation  

The dissertation consists of an introduction, three chapters, general conclusions, a 

list of references, a list of the author’s publications related to the topic of the dis-

sertation, and a summary in Lithuanian. 

Excluding the annexes, the dissertation comprises 136 pages and has 139 

numbered equations, 91 figures, 22 tables, and 102 references. 
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1 
Flexural Stiffness Analysis of 

Layered Concrete Elements with 
Partial Shear Connection Interfaces 

This chapter presents a review of published studies on the behaviour of layered 

concrete interfaces and layered concrete elements under bending. It examines 

methods found in the literature for determining interface strength and shear 

stiffness. In addition, practical engineering solutions and experimental investiga-

tions of layered concrete elements with partial shear connection interfaces are a-

nalysed, together with existing analytical methods for predicting their flexural 

stiffness. Finally, the chapter concludes with a summary and the formulation of 

the dissertation tasks. The aspects discussed here have been addressed in the 

author’s previously published works (Masėnas, 2022; Masėnas et al., 2021, 2023; 

Masėnas & Valivonis, 2024a, 2024b, 2025; Valivonis et al., 2026). 

1.1. Analysis of Concrete Interface Research 

In the design and construction of concrete structural elements, a cross-section with 

varying material properties can arise either as a deliberate design choice or simple 

inevitability during the assembly of a broader structural system. These types of 
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structural elements, known as layered concrete elements, present both advantages 

and limitations when compared to traditional solid cross-section elements. Unlike 

solid sections, layered systems can offer shorter construction times, as seen with 

filigree slabs (Cao et al., 2024; Hillebrand et al., 2021; Newell & Goggins, 2019). 

They also enable reductions in material usage and facilitate waste management 

through the incorporation of void formers (Molkens & Van Gysel, 2021; Valivo-

nis et al., 2015), achieved by lowering cement consumption and using recycled-

plastic formers. Void formers additionally allow longer slab spans, which may be 

architecturally advantageous. Filigree slab can be combined with other structural 

elements, like cantilever balconies, and other architectural features. Use of a fili-

gree slab also opens a possibility for a continuous concrete slab (Hillebrand & 

Hegger, 2023). Layered concrete elements also appear in retrofit applications. By 

adding a new concrete layer to an existing structural element, the strength or stiff-

ness of the older element can be increased (Mansour et al., 2017; Mokhtari & 

Hassan, 2024; Mones & Breña, 2013; Rahman et al., 1999; J. L. Silfwerbrand, 

2009). This approach is beneficial not only structurally but also environmentally, 

as it strengthens the existing element rather than replacing it, thereby reducing 

material consumption (Daneshvar et al., 2022). Additional examples of layered 

concrete elements include bridge components (Abu-Abaileh & Soltani, 2026; 

Mahmoodreza, 2016) and multi-layered structures formed due to interrupted con-

struction processes. Researchers have also reported that casting a self-compacting 

concrete layer onto an existing concrete element reduces vibration in the resulting 

layered element (Yuan et al., 2023). All such cases fall within the scope of layered 

concrete structural element research. 

The appropriate performance of a layered concrete element is only ensured 

when full composite action is maintained between its layers. This requirement is 

governed primarily by the characteristics of the interface. As interface stresses 

increase, cracks may form, and the interface shear stiffness decreases, causing the 

layers to act more independently. The susceptibility of the concrete interface to 

failure is therefore the principal weakness of layered concrete elements. Interface 

opening perpendicular to the plane of the interface corresponds to Mode I failure, 

while failure caused by relative layer slip corresponds to Mode II failure (Cavaco 

& Camara, 2017), as illustrated in Figure 1.1. 

Studies on layered concrete elements conclude that both the stiffness and ca-

pacity of the interface must be considered, and that, in general, the interface 

should be treated as an element of partial shear connection (Cavaco & Camara, 

2017; Foraboschi, 2009; Marčiukaitis et al., 2006). The conventional flexural 

stiffness analysis might overestimate the flexural stiffness of a layered concrete 

element (Zajac et al., 2021). Due to the lack of analytical models for interface 

shear stiffness and the limited availability of flexural stiffness models that account 
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for interface characteristics, this dissertation focuses on investigating the flexural 

stiffness of layered concrete elements. 

 

 
Fig. 1.1. Concrete fracture mechanics: a) Mode I fracture;  

b) Mode II fracture (Guo et al., 2017) 

The performance of the interface is governed by several shear-transfer me-

chanisms, each contributing to the interface’s ability to resist normal and shear 

stresses. Adhesion represents the chemical bond formed between concrete layers, 

while mechanical interlock arises from the micro-roughness of the interface su-

rface (Barbosa et al., 2017; International Federation for Structural Concrete (fib), 

2020). These mechanisms are illustrated in Figure 1.2. Adhesive strength increa-

ses with the concrete’s compressive strength, and mechanical interlock improves 

with both higher strength and greater surface roughness. Factors that reduce adhe-

sion and interlock include surface contamination (laitance, dust, and grease) (Ma-

nawadu et al., 2023; B. Zhang et al., 2022), improper surface moisture conditions 

(Daneshvar et al., 2022), and differential shrinkage between layers (Beushausen 

& Alexander, 2007; Elliott & Jolly, 2014; Y. Fang et al., 2021; Lam et al., 2019; 

J. Silfwerbrand, 1997). If the interface is uncracked before loading, adhesion and 

mechanical interlock are the first mechanisms resisting shear. Once adhesive 

bonds and surface protrusions fail, typically at very small slip values (around 

0.05 mm or slightly higher), other shear-transfer mechanisms assume the load. In 

this initial stage, while adhesion and interlock dominate, the interface behaviour 

remains stiff (International Federation for Structural Concrete (fib), 2020).  

 

 
Fig. 1.2. Concrete layer mechanical interlock and adhesion  

(International Federation for Structural Concrete (fib), 2020) 
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Another interface shear mechanism is shear friction, which may be divided 

into two forms: friction generated by compressive force acting perpendicular to 

the interface, and friction produced by connector-induced clamping. These me-

chanisms are illustrated in Figure 1.3a and b. Compressive friction develops when 

the layers begin to slip, and the interface deformation is resisted by surface 

roughness in combination with perpendicular compression. Increasing either the 

interface roughness or the applied compression results in higher shear friction re-

sistance (Widodo, 2017). Clamping friction arises when slip causes the interface 

to open perpendicularly due to surface roughness (Gołdyn, 2022), inducing ten-

sion in the connectors (steel reinforcement crossing the interface). The tensile re-

sistance of these connectors creates a clamping force. Clamping friction depends 

on the degree of interface roughness and on the properties and quantity of the 

interface connectors. Shear friction is characteristic of the ductile stage of inter-

face behaviour (Davaadorj et al., 2020; European Committee for Standardization, 

2023; International Federation for Structural Concrete (fib), 2020). 

The final interface shear mechanism is dowel action. This phenomenon is 

illustrated in Figure 1.3c. As the layers slip, the interface connectors are subjected 

to shear forces. When these connectors are properly anchored, they also undergo 

bending, resulting in a combined stress state of shear and bending known as dowel 

action. The dowel action shear force increases with higher connector ratios, higher 

concrete strength, and higher connector strength. This mechanism is associated 

with ductile stages of interface behaviour (European Committee for Standardiza-

tion, 2023; International Federation for Structural Concrete (fib), 2020). 

 

 
Fig. 1.3. Concrete shear mechanisms: a) friction due to compression; 

 b) friction due to clamping; c) dowel action 

The contribution of each interface shear mechanism develops at different sta-

ges of interface behaviour, corresponding to different magnitudes of slip. For ins-

tance, when the interface shear stress is primarily resisted by adhesion and me-

chanical interlock, the connectors do not yet experience significant deformation, 

and dowel action does not occur. Conversely, when dowel action governs the 
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shear transfer, the adhesive bonds and mechanical interlock mechanisms have 

already failed (Barbosa et al., 2017; Liu et al., 2019, 2021; Shaw & Sneed, 2014). 

1.2. Analysis of Concrete Interface Behaviour Models 

1.2.1. Interface Shear Resistance Models 

The earliest attempts to theoretically predict the behaviour of concrete interfaces 

were made by Anderson (1960), Hanson (1960), Mattock and Kaar (1961), Sae-

mann and Washa (1964), and Gaston and Kriz (1964). However, the model most 

widely recognised as the foundation of analytical interface behaviour is the shear-

friction theory proposed by Birkeland and Birkeland (1966), which has since been 

refined by numerous researchers. This model provides an expression for the inter-

face shear resistance (Eq. 1.1): 

 ( ) ,u y yv f tan f= =    ( )1.1  

here,  – interface surface friction coefficient,  – sawtooth model angle,  – in-

terface connector ratio, and yf – connector yield stress. This equation is accom-

panied by Figure 1.4, which illustrates the underlying mechanics of the shear-

friction model. 

 

 
Fig. 1.4. Shear friction theory mechanism (Birkeland & Birkeland, 1966) 

Here, the interface roughness is represented as two interlocking sawtooth su-

rfaces in contact. The interface is crossed by connectors, and the figure illustrates 

the clamping shear mechanism. As the layers slip relative to one another, the incli-

ned surface profile causes the interface to open in the direction perpendicular to 

the interface plane. This opening places the connectors in tension, and the re-

sulting clamping force generates shear resistance along the interface. 
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Loov (1978) was the first to propose a shear resistance model that incorpora-

ted the influence of concrete strength (Eq. 1.2): 

 ,
y nu

c c

fv
k

f f

 +
=  ( )1.2  

here, uv – interface shear resistance, k – constant, for which a value of k = 0.5 is 

recommended for uncracked interface, n – normal stress, acting perpendicular 

to the interface, and cf – concrete compressive strength. 

Vecchio and Collins (1986) proposed an interface behaviour model aimed at 

predicting the shear resistance of an already cracked interface. This model does 

not consider connector characteristics and focuses on the influence of concrete 

properties, primarily mechanical interlock. The equation for estimating the inter-

face shear resistance is presented in Eq. 1.3: 
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here,  ci maxv  – shear stress resistance of interface crack, cif – compressive stress 

at the interface, w – current interface crack width, and a – concrete aggregate size. 

Values for 𝑤 and 𝑎 are in mm, and cf  in MPa. The model can be explained by 

Figure 1.5. 

 
Fig. 1.5. Vecchio & Collins interface crack mechanism  

(Vecchio & Collins, 1986) 
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Mattock (Mattock, 1988) proposed a model that includes a cohesion shear 

mechanism (Eq. 1.5): 

 ( )0.5450.467 0.8 .u c y nv f f= + +   ( )1.5  

Lin and Chen (1989) proposed an equation intended as a more accurate al-

ternative to the expressions used in American design codes. Their study conside-

red concrete strengths ranging from 20.59 MPa to 68.65 and steel stresses yf  

between 1.2 and 19.5 MPa. The resulting expression for interface shear resistance 

is presented in Eq. 1.6: 

 ( ).u e y nv f= +    ( )1.6  

The equivalent friction coefficient determined according to Eq. 1.7: 
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0.8 .
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e c
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f
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 ( )1.7  

Randl (1997) proposed an equation that incorporates the contributions of co-

hesion, compressive friction, and dowel action as the governing shear mechanisms 

(Eq. 1.8): 

 ,u coh n c yv f f= + +    ( )1.8  

here, coh  – interface cohesion shear stress, n – friction due to compression, 

c yf f – dowel action shear stress, and – dowel action coefficient. Cohesion 

can be determined as follows (Eq. 1.9): 

 

1

3

,ck
coh

coh

f
c=


 ( )1.9  

here, c – cohesion coefficient and coh  – safety factor, considering interface su-

rface preparation variabilities. 

A similar configuration for interface shear resistance modelling appears in 

several subsequent interface models. One such model was introduced in the first-

generation Eurocode 2 (ECS, 2006). A notable advantage of this formulation is 

that it explicitly accounts for the inclination angle of interface connectors. The 

corresponding expression is presented in Eq. 1.10: 

 ( ),Rdi ct n yv cf f sin cos= + + +      ( )1.10  
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here, c – cohesion coefficient, ctf – tensile concrete strength,  – interface su-

rface friction coefficient, n – normal stress due to external compression,  – co-

nnector ratio, yf – connector yield stress,  – connector inclination angle. Here, 

member ctcf represents interface cohesion, n – interface friction due to comp-

ression, and ( )yf sin cos+    – friction due to connector clamping. 

Similarly, Model Code 2020 (International Federation for Structural Con-

crete (fib), 2020) provides an interface model conceptually aligned with the ap-

proach introduced by Randl (1997). The interface shear resistance can be deter-

mined as follows (Eq. 1.11): 

 ( )1 2 ,u c y n y cf f f= + + +        ( )1.11  

here, 1  and 2  – coefficients considering the degree of contribution of shear 

mechanisms. Presented shear mechanisms: c – adhesion, interlocking, 

( )1 y nf +   – friction mechanism, and 2 y cf f  – dowel action. This equa-

tion is similar to that proposed by the Randl equation; however, by applying di-

fferent coefficients, the contributions of the individual interface shear mechanisms 

can be adjusted. 

Second-generation Eurocode 2 (European Committee for Standardization, 

2023) presented a novel detailed methodology for determining concrete shear re-

sistance. The code suggests two equations for two different cases. For interfaces 

without connectors, or in cases where the anchorage of the connectors is sufficient 

to ensure that the connector stress can be taken sd ydf= , the following 

expression is recommended (Eq. 1.12): 

 ( ).Rdi v c v n y vc f f sin cos= + + +        ( )1.12  

In the case when connector yielding is not ensured (for example, in concrete 

topping), the following equation is presented (Eq. 1.13): 

 ,Rdi v c v n v y v dowel y cc f k f k f f= + + +       ( )1.13  

here, vc  – cohesion coefficient, v – friction coefficient, vk and dowelk  – coeffi-

cients controlling contributions of different shear mechanisms. Presented shear 

mechanisms: v cc f – adhesion and interlock, v n  – friction due to compressive 

stress, ( )y vf sin cos+    – friction due to connector clamping, and 

dowel y ck f f  – dowel action.  
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Comparing the interface models presented in Eurocode and Model Code, it 

can be stated that in the first-generation Eurocode 2, the interface shear resistance 

is calculated as a direct superposition of different shear mechanisms, without ap-

plying specific coefficients to reduce or amplify individual contributions. This 

approach differs from that of the second-generation Eurocode 2, where, for 

example, the coefficient vc  for a smooth interface between a precast element and 

a concrete topping is taken as zero. Likewise, Model Code 2020 does not specify 

a value or coefficient for c  for a smooth interface. The absence of these values 

indicates the insignificance of adhesion in smooth interfaces, opposite to rough 

interfaces. In the second-generation Eurocode 2, dowel action appears only in the 

equation governing smooth interfaces, while the clamping stress contribution is 

reduced using the coefficient vk  = 0.5. According to Model Code 2020, the inter-

relation between clamping and dowel action should be considered by coefficients 

1 =  0 and 2 = 1.6 for smooth interfaces and 1 =  1.0 and 2 = 0 for rough 

interfaces. These values in both the second-generation Eurocode 2 and Model 

Code 2020 clearly indicate that, after adhesion failure, dowel action becomes the 

dominant shear mechanism in smooth interfaces, whereas clamping action domi-

nates in rough interfaces. 

After reviewing the existing interface behaviour models, it becomes evident 

that most focus solely on predicting the maximum interface shear resistance, while 

neglecting the behaviour at other stages of interface deformation. Some models 

address only the adhesion-dominated stage, whereas others omit adhesion entirely 

and consider only friction-based mechanisms. Several models treat the total shear 

resistance as a simple superposition of the peak contributions from different shear 

mechanisms, even though these mechanisms reach their maximum resistance at 

different slip levels. 

1.2.2. Interface Shear Stiffness Models 

The analytical interface behaviour models presented in Section 1.2.1 focus prima-

rily on determining interface shear resistance. Indeed, most models in the litera-

ture are concerned only with the ultimate shear resistance of the interface. In this 

dissertation, however, the emphasis is placed on interface stiffness, which descri-

bes not only shear resistance but also the associated shear deformation (slip). Mo-

dels that describe this combined behaviour are scarce, particularly for concrete-

to-concrete interfaces. The following section, therefore, reviews the limited avai-

lable models that relate shear stress to slip. 

The first model presented here was introduced by Yang (2016). It describes 

the relationship between interface shear stress and slip for smooth concrete inter-

faces. According to the model, slip initiates once the interface begins to crack at 
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shear stress cr . Shear stress then increases until it reaches the peak value n  at a 

corresponding slip 0S , after which it decreases as the interface exhausts its shear 

resistance (Fig. 1.6). The expressions for the initial cracking stress cr  (Eq. 1.14) 

and the peak-slip 0S  (Eq. 1.16) were obtained through nonlinear regression ana-

lysis of push-off test data, while the equation for the peak shear resistance n  

(Eq. 1.15) is derived from the upper-bound theorem of concrete plasticity. A no-

table strength of this model is its inclusion of interface-connector inclination rela-

tive to the interface plane in Eq. 1.15. 

 

 
Fig. 1.6. Smooth concrete interface shear stress – slip relationship (Yang, 2016) 
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Shear stress at any value of S  (Eq. 1.18): 
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When 0cS S : 

 1 0.024 0.73.eq= +   ( )1.19  

When 0cS S : 

 0.90
1 1.54 ,eq

−=   ( )1.20  

here, x  – stress from external perpendicular compression, '
cf – concrete comp-

ressive strength, vf – connector ratio, yf – connector yield stress, eq – equiva-

lent normal interface stress, 1 – coefficient used for determining shear stress at 

different interface deformation stages, and s – inclination of interface connectors. 

Xu et al. (2015) developed a shear stress–slip relationship model for mono-

lithic concrete interfaces. The resulting shear stress–slip curve is shown in Fig-

ure 1.7. The model equations were derived from Mohr–Coulomb failure theory 

together with regression analysis of experimental data. In this model, slip initiates 

once shear stress begins to increase, and the shear stress continues to rise until it 

reaches its maximum value max  (Eq. 1.21), corresponding to a slip of 1

(Eq. 1.22). After this point, the interface transitions into subsequent phases of 

shear behaviour (Fig. 1.7). The model is applicable within the following limits: 
' 65 cf MPa ;

'0.25x vf y cf f+   .  

 

 
Fig. 1.7. Monolithic concrete interface shear stress – slip relationship 

 (Xu et al., 2015) 
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 ( )( ) ( )
2'0.21 '0.5 '0.750.038 0.33 0.3 ,max c y n c y n cf f f f f= − + + + +      ( )1.21  

 ( ) ( )
'16

10 0.084'

1 0.011 1.72 . 
fc

y nf

cf e
−

+ +
= + −

 
 ( )1.22  

Shear stress when the slip is equal to 1    (Eq. 1.23): 

 ( ) 1

1

cos .
2

max

  − 
=  

 





   ( )1.23  

Shear stress when the slip is equal to 1 2      (Eq. 1.24): 

 ( ) 1 1

1 1

cos 0.6 0.01 0.125 ,
2

max maxsin


    −   −
= − +   

   


     ( )1.24  

 2 11.8 .=   ( )1.25  

Shear stress when the slip is equal to 2      (Eq. 1.26): 

 ( )
0.38

2
2

,

−
 

=  
 





   ( )1.26  

 2 1 2 1
2

1 1

cos 0.6 0.01 0.125 ,
2

max maxsin
   −  − 

= − +   
 

  


     ( )1.27  

here, 
'

cf  – concrete compressive strength,  – connector ratio, yf – connector 

yield stress, n – lateral normal pressure, max – ultimate shear stress, 2 – shear 

stress at the beginning of the plastic interface behaviour stage,  - interface slip,  

1  – slip at the point of ultimate shear stress, and 2 – slip at the beginning of the 

plastic interface behaviour stage. 

Model Code 90 (Committee for the Model Code 1990, 1993) presented shear 

stress–slip relationships for both smooth and rough interfaces. For smooth inter-

faces, the Code recommends a relatively simple expression that defines the 

friction-based shear resistance (Eq. 1.28) and the corresponding slip (Eq. 1.29). 

 0.4 ,fu c=   ( )1.28  

 0.15 ,u cs =   ( )1.29  
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here, fu  – interface shear resistance, us – shear slip at interface failure (in 

mm), and c  – normal compressive stress at the interface due to external force 

and clamping (in MPa).  

For rough interfaces, a more detailed model is recommended (Fig. 1.8). The 

model assumes that cracking initiates when the interface reaches 50% of its total 

shear resistance. The corresponding slip at this stage is taken as 0.10 mm, which 

represents 5% of the maximum interface slip. Beyond this point, the interface en-

ters a ductile behaviour stage. The subsequent response in this stage is described 

by the equations provided in Eqs. 1.30, 1.31, and 1.33. 

 

 
Fig. 1.8. Rough concrete interface shear stress – slip relationship  

(Committee for the Model Code 1990, 1993) 

 ( )
2 1

3 30.40   ,fu c c yf f= +    ( )1.30  

 2  .us mm=  ( )1.31  

When 0.10s  mm: 

 5 .f fus=   ( )1.32  

When 0.10s  mm: 

 

4 3

0.5 0.3 0.03,
f f

fu fu

s
   

− = −   
   
   

 

 
 ( )1.33  



20 1. FLEXURAL STIFFNESS ANALYSIS OF LAYERED CONCRETE ELEMENTS WITH… 

 

here, fu  – interface shear (friction) resistance, cf – concrete compressive 

strength,  – interface connector ratio, yf – interface connector yield stress, f  – 

shear stress at any value of interface slip, s – interface slip, and us – ultimate slip, 

at which the highest shear resistance is achieved. 

The presented shear stress–slip relationship models describe interface beha-

viour in greater detail than models concerned solely with maximum shear resis-

tance. By capturing the relationship between shear stress and slip, these models 

allow the interface shear stiffness to be evaluated across different stages of inter-

face behaviour. However, models of this type for smooth concrete-to-concrete in-

terfaces remain limited in the literature. Additionally, none of the available mo-

dels accounts for the effects of differential shrinkage, which must be considered 

when analysing interface behaviour. The following chapter, therefore, introduces 

a novel interface shear stress–slip (shear stiffness) model developed by the author. 

1.3. Engineering Characteristics and Review of 
Experimental Studies of Layered Concrete Elements 
Under Bending 

1.3.1. Types and Characteristics of Layered Concrete  
Elements 

Layered concrete elements are structural elements composed of at least two con-

crete layers, typically subjected to bending. The layers are cast at different times 

and, therefore, exhibit distinct material properties, including differences in me-

chanical characteristics, differential shrinkage and more (Figueira et al., 2016; 

Hillebrand & Hegger, 2023; Lampropoulos et al., 2014; Li et al., 2021). In most 

cases, the first layer is a precast concrete element, while the second layer is cast 

in place. 

Filigree slabs, also referred to as semi-precast slabs, are a common example 

of layered concrete elements subjected to bending. They consist of two layers: a 

thin precast concrete base slab, typically 50–70 mm thick, and an additional cast-

in-place concrete layer of variable thickness. The layers are connected by lattice 

girders embedded in the precast element (Cao et al., 2024; Hillebrand et al., 2021; 

Newell & Goggins, 2019), as shown in Figure 1.9. This system eliminates the 

need for formwork, accelerating construction, can be combined with other structu-

ral elements such as balconies, or forming a continuous slab (Fédération Interna-

tionale de la Précontrainte, 1998; Hillebrand & Hegger, 2023). In addition, the 

precast–in-situ configuration allows for the formation of voids within the slab. 
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Plastic void formers (Molkens & Van Gysel, 2021; Sagadevan & Rao, 2019)(Fig. 

1.10), polystyrene blocks (Ingeli et al., 2025; Ling et al., 2024; Stehle et al., 2011) 

or other lightweight materials may be used. Forming voids reduces concrete con-

sumption and, consequently, the amount of cement required, lowering CO₂  

emissions associated with cement production (Andrew, 2019; Cheng et al., 2023; 

Paik et al., 2019; Shah et al., 2022; Volaity et al., 2025). Void formers can also be 

manufactured from recycled materials (Khouzani et al., 2021; Valivonis et al., 

2015). Structurally, reducing the concrete volume decreases the self-weight of the 

slab without significantly affecting its flexural capacity, as voids are typically for-

med near the neutral axis of the cross-section. This enables longer spans and may 

reduce the required amount of flexural reinforcement. 

 

 
Fig. 1.9. Semi-precast (filigree) slab (InBet Sp. z o.o, n.d.) 

 
Fig. 1.10. Semi-precast (filigree) slab with plastic void formers 

 (Evan Bond, 2016) 

A second type of layered concrete element consists of a precast concrete 

beam with an additional cast-in-place concrete layer (Hossain et al., 2020; Ji & 

Liu, 2020; Wang et al., 2021; W. Zhang, Lin, et al., 2024; W. Zhang, Zhang, et al., 

2024; W. Zhang, Zheng, et al., 2024). The added layer may connect the precast 

beam to a larger continuous system, as shown in Figure 1.11, or modify the beam’s 

cross-section by introducing concrete of different properties, as shown in Figure 

1.12. This solution is used to achieve stiffer behaviour between beams and the 

slabs they support (Fig. 1.11), to form a continuous layered slab, to intentionally 
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adjust beam cross-sectional properties (Fig. 1.12), to accommodate multi-stage 

casting, and to simplify structural assembly. A typical application is a concrete 

bridge girder with a cast-in-place concrete deck (Fasching et al., 2021; Haber 

et al., 2020; Jung et al., 2024; Sasaki et al., 2010) (Fig. 1.13). 

 

 
Fig. 1.11. Precast beam–slab structural system 

 
Fig. 1.12. Concrete beam with varying layer properties 

 
Fig. 1.13. Layered precast concrete girder–concrete deck structural system  

The final type of layered concrete structural element is the block-and-beam 

slab system (Sousa & Miguel De Sousa, 2019), as shown in Figure 1.14. This slab 

consists of concrete beams (ribs) with widths of approximately 100 mm or more. 

Interface connectors may extend from the beams. Concrete blocks are placed 

between the ribs; their cross-sections may include voids to reduce self-weight. 

Block dimensions depend on the beam spacing. After assembly, a cast-in-place 

concrete layer is added to form the completed slab. This system offers practical 
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advantages, such as easy installation without heavy lifting equipment due to the 

small size of individual components. As a result, block-and-beam slabs can be 

installed in existing buildings, and overall construction speed is increased. Despite 

the structural differences between the various layered concrete elements descri-

bed, they all share a common mechanical feature: the interface between the pre-

cast components and the newly cast layer exhibits only partial shear connection. 

 
Fig. 1.14. Layered concrete block–beam structural system (Universal Slab, 2024) 

1.3.2. Review of Experimental Studies of Layered Concrete 
Elements 

Ibrahim (2019) conducted experimental tests on four one-way concrete slab types: 

a solid slab (SS), a slab with void formers (BS), a filigree slab with void formers 

(F.BS), and a filigree slab with void formers and interface connectors (F.BS.S). 

The experimental setup of the layered slab is presented in Figure 1.15.  

Experimental results shown in Figure 1.16 indicate that three slabs, SS, BS, 

and F.BS.S, reached similar ultimate resistance values: 115 kN for SS, 110 kN for 

BS, and 113 kN for F.BS.S. Although the slabs incorporating void formers exhi-

bited slightly lower capacity (1.7–4.4%), the results clearly demonstrate that re-

moving concrete from the neutral bending zone does not substantially reduce 

flexural capacity. However, the reduced stiffness of the void-former slabs increa-

sed the yield deflection: 11.6 mm for SS, 13.0 mm for BS, and 12.8 mm for 

F.BS.S. These slabs failed in a flexural mode. In contrast, slab F.BS failed due to 

interface shear failure. It reached a significantly lower ultimate resistance of 35 

kN and an ultimate deflection of 9.39 mm. As layer slip progressed, the initially 

composite behaviour gradually transitioned toward that of two independent layers. 

These findings show that layered concrete structural elements are particularly 

susceptible to interface shear failure. Nevertheless, introducing interface co-

nnectors in F.BS.S restored composite action, resulting in a flexural (and more 

ductile) failure mode and an ultimate capacity comparable to that of the solid slab. 
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Fig. 1.15. Experimental test arrangement of layered specimen (M. Ibrahim, 2019) 

 
Fig. 1.16. Experimental load–deflection diagrams (M. Ibrahim, 2019) 

Mohamed et al. (2020) conducted experimental tests on five one-way layered 

concrete slabs. Unlike the previous study, these specimens did not incorporate 

void formers. The first slab (S1) was a precast element without an added concrete 

layer. Its results showed markedly lower flexural capacity and deflection due to 

early failure, which is attributable to its significantly smaller cross-sectional 

height. Because S1 behaved substantially worse than the remaining slabs and does 

not represent a layered element, it is excluded from further discussion. The re-

maining four specimens were layered slabs. The first layer thickness was equal to 

the thickness of slab S1. After 14 days, the second layer was added. The interface 

conditions varied: S2 had an untreated left-as-casted surface, S3 had a deliberately 

roughened surface, S4 used an acrylic-based polymer bonding agent, and S5 in-

corporated steel shear keys. The compressive strengths of slab layers are provided 

in Table 1.1. Flexural reinforcement consisted of 12 mm bars. The slabs were 

tested under a four-point bending arrangement, shown in Figure 1.17. 
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Table 1.1. Concrete characteristics of experimental slabs 

Slab S2 S3 S4 S5 

Concrete compressive strength 

of first layer, MPa 

29.4 30.1 31.4 33.2 

Concrete compressive strength 

of second layer, MPa 

24.9 23.4 28.4 28.2 

 

 

 
Fig. 1.17. Experimental specimen test arrangement (Mohamed et al., 2020) 

S2 exhibited an interface debonding failure mode, reaching a maximum in-

terface slip of 4.8 mm. The remaining slabs failed through flexural cracking and 

concrete crushing, typical failure modes of solid cross-section elements. The crac-

king pattern of S2 is shown in Figure 1.18. A comparison of all specimens indi-

cates that appropriate interface surface treatment can enable a layered slab to per-

form similarly to a solid cross-section slab. 

 

 
Fig. 1.18. Two types of slab failure modes (Mohamed et al., 2020) 

Load–deflection curves in Figure 1.19 show that specimen S2 behaved simi-

larly to the other slabs within the elastic stage. However, once its interface shear 

capacity was exceeded, the deflection increased rapidly, with the load at that point 

being 64% of the S5 capacity (43.5 kN). At this stage, interface slips and 
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deflection increased. The behaviour of the remaining slabs demonstrates that ap-

propriate interface surface treatment can significantly enhance flexural capacity 

by ensuring full composite action. Among the treated specimens, S5 achieved the 

highest flexural resistance (68 kN), followed by S4 (64 kN) and S3 (63 kN). 

Although shear keys appeared to be the most effective solution, the slightly higher 

concrete strength of S5 (and S4) likely contributed to their increased capacities. 

 

 
Fig. 1.19. Experimental load–deflection diagrams (Mohamed et al., 2020) 

Ji and Liu (2020) conducted experimental tests on five beams. One beam had 

a solid concrete cross-section, while the remaining four were layered beams com-

posed of the same concrete section supplemented with an ultra-high-performance 

fibre-reinforced concrete (UHPFRC) layer at the bottom. The solid beam (RC-

2.7) had a height of 500 mm, whereas the layered beams had a total height of 550 

mm (500 mm concrete + 50 mm UHPFRC). The specimens were identified as 

RC-2.7, RC-U-2.7, RC-RU-2.4, RC-RU-2.7 and RC-RU-3.1, where “R” denotes 

reinforcement in the UHPFRC layer, “C” denotes the concrete section, “U” deno-

tes the UHPFRC layer, and the final number indicates the span. The cross-sections 

are shown in Figure 1.20. A three-point bending test setup was used. Table 1.2 

presents the measured shear resistance values for all beams. 

Table 1.2. Load capacities of experimental beams 

Specimen RC-2.7 RC-U-2.7 RC-RU-2.4 RC-RU-2.7 RC-RU-3.1 

Shear capacity, 

kN 

655 717 955 922 761 
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Fig. 1.20. Experimental beam specimen cross-sections (Ji & Liu, 2020)  

The experimental results demonstrate that the addition of a UHPFRC layer 

significantly increases the beam’s capacity, as it not only raises the effective cross-

sectional height but also enhances tensile performance. The inclusion of reinfor-

cement within the UHPFRC layer further improves the load-bearing capacity. 

However, in comparison with specimen RC-U-2.7, this additional reinforcement 

reduces the ductility of beam failure (Fig. 1.21). 

 

 
Fig. 1.21. Load–deflection curves of experimental beams 

 (Ji & Liu, 2020) 

The failure patterns of the beams are shown in Figure 1.22, where the crac-

king behaviour of the solid cross-section beam and two-layered beams is illustra-

ted. The solid beam failed in a typical shear failure mode, whereas the layered 

beams exhibited a more complex failure. As the load increased, the number of 
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flexural cracks grew until diagonal cracks began to propagate toward the loading 

point. Once these diagonal cracks reached approximately mid-height of the 

section, flexural cracks initiated in the UHPFRC layer. With further loading, 

cracks in the concrete layer widened and extended, while the number of UHPFRC 

cracks increased. High shear stresses and diagonal cracking subsequently led to 

interface debonding at the point where the diagonal cracks initiated. This debon-

ding was followed by the development of large cracks in the UHPFRC layer 

described by Ji and Liu as “hinges”, which marked the failure of the layered beam. 

This represents one possible failure pattern of a layered concrete beam. In 

other cases, the first cracks may form in the bottom layer, or the interface may fail 

before any flexural cracks develop. These variations highlight the complexity of 

analysing layered concrete elements. 

 

 

 
Fig. 1.22. Experimental beam cracking patterns (Ji & Liu, 2020) 

Differential shrinkage is an important aspect of layered concrete element be-

haviour. It arises when the concrete layers are cast at different times or produced 

using different mixes, causing each layer to shrink at a different rate. The first 

layer completes most of its shrinkage before the second layer is cast, while the 

newly placed layer undergoes its initial, larger shrinkage deformation. Because 

the layers are bonded, this difference in deformation induces additional shear 

stresses at the interface. These stresses can substantially reduce the interface shear 

resistance and make the interface more susceptible to failure. 

Lampropoulos et al. (2014) and Tsioulou et al. (2013) conducted experimen-

tal tests on layered concrete beams with explicit consideration of differential 

shrinkage. Three beam types were examined. The first type, O1, was a solid cross-
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section beam with dimensions 250 mm × 150 mm × 2200 mm. The second type, 

T1, was a layered beam consisting of a first concrete layer identical to O1 and an 

additional 50-mm concrete layer cast on the tensile side. The added layer was 

reinforced with 2∅12 bars. The third type, MT1, was a solid cross-section beam 

with the same overall dimensions and reinforcement layout as the layered beam. 

For the differential shrinkage analysis, a concrete specimen matching the dimen-

sions of the second layer in beam T1 was cast separately. This specimen was used 

to measure the free shrinkage of the new concrete. Shrinkage was also recorded 

directly in the newly cast layer of the layered beams. The measured shrinkage 

values are presented in Figure 1.23. 

 

 
Fig. 1.23. Concrete shrinkage values in different concrete layers 

 (Lampropoulos et al., 2014) 

Free shrinkage of the 50 mm concrete element reached 480 µε. In contrast, 

the concrete layer of the same thickness within the layered beams developed sig-

nificantly lower shrinkage strains. This reduction resulted from the restraint pro-

vided by the hardened first concrete layer. The effect was even more pronounced 

in the reinforced second layer, where the steel bars introduced additional restraint. 

Shrinkage restriction increases shear stresses along the interface between the 

layers. 

Flexural test results were used to assess the influence of differential shrin-

kage-induced interface stresses. Four-point bending tests were performed. As 

shown in Figure 1.24, beam O1 failed at the lowest load of 78 kN due to its smaller 

cross-sectional height and lower reinforcement ratio. Beam T1, which incorpora-

ted an additional tensile-side layer, reached a substantially higher capacity of 

167 kN, indicating that the second layer and its reinforcement markedly increased 
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structural performance. The highest capacity, 182 kN, was recorded for beam 

MT1, which had the same geometry and reinforcement layout as T1 but without an 

interface. MT1 also exhibited greater deformability, reaching a higher ultimate 

deflection. In contrast, beam T1 demonstrated a more brittle failure. The reduced 

capacity and brittle failure of T1 are attributed, at least in part, to interface shear 

stresses induced by differential shrinkage. 

 

 
Fig. 1.24. Load–deflection curves of experimental beams 

 (Tsioulou et al., 2013) 

1.4. Methods for Calculating Flexural Stiffness of 
Layered Concrete Elements with Partial Shear 
Connection Interfaces 

1.4.1. Magnucki et al. Model 

Magnucki et al. (2020) proposed an analytical method for determining the flexural 

stiffness of layered concrete elements. The method is based on the nonlinear de-

formation hypothesis for planar cross-sections, the derivation and solution of the 

corresponding equilibrium equations. The model does not consider a slip between 

the layers; however, the distribution of stress at the composite section varies ac-

cording to the properties of each layer. The theoretical cross-section used in the 

model is shown in Figure 1.25. 
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Fig. 1.25. Theoretical layered element cross-section (Magnucki et al., 2020) 

Maximum deflection of the layered element is calculated as follows 

(Eq. 1.34): 

 ,a av Lv=  ( )1.34  

here, L – the length of the layered element and av – relative maximum deflection. 

The latter value is determined accordingly (Eq. 1.35): 

  3
15

2 1
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q
v v

E b
 


=  ( )1.35  

here, 
L

h
 =  – relative length of the element, q – value of uniformly distributed 

load, 1E and 2E  – elastic moduli of upper and lower concrete layers, respectively, 

1b and 2b  – widths of upper and lower layers, respectively, and 1
1

2

b

b
 = , the value 

of av  is determined as follows (Eq. 1.36): 
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a

det
v

det
=  ( )1.36  

Determinants are calculated accordingly (Eqs. 1.37–1.40): 
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Coefficients, taken from the bending moment differential equation 

(Eqs. 1.41–1.43): 
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Coefficients, taken from the beam equilibrium differential equations, based 

on a rule of stationary total potential energy (Eqs. 1.44–1.48): 
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Dimensionless parameters are determined as follows (Eqs. 1.49–1.53): 
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here, 0y  – distance from the interface to the neutral axis of the layered element 

and 1h and 2h – height of the upper and lower layers, respectively. Function, de-

scribing deformation of the lower layer (Eqs. 1.54, 1.55): 
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1.4.2. Foraboschi Model 

Foraboschi (2009) developed a nonlinear analytical model for the behaviour of 

two-layer concrete elements subjected to bending. The model incorporates the slip 

between layers and represents the interface as an elastic-plastic, strain-softening 

element. It allows prediction of internal stresses and the load at which debonding 

initiates. The theoretical loading arrangement of the layered element is shown in 

Figure 1.26. 



34 1. FLEXURAL STIFFNESS ANALYSIS OF LAYERED CONCRETE ELEMENTS WITH… 

 

According to this method, the behaviour of a layered element subjected to 

bending is governed by the behaviour of the interface. The horizontal displace-

ments of the upper and lower layers are denoted as Az  and Bz . The theoretical 

layer slip mechanism is shown in Figure 1.27. From this derives an interface slip 

expression (Eq. 1.56): 

 .B Az z = −  ( )1.56  

 
Fig. 1.26. Theoretical layered element loading arrangement (Foraboschi, 2009) 

 
Fig. 1.27. Theoretical layered element loading arrangement (Foraboschi, 2009) 

From this expression, two differential equations are formulated (Eqs. 1.57, 

1.58): 

 ,B Adz dzd

dx dx dx


= −  ( )1.57  

 
2 22

2 2 2
.B Ad z d zd

dx dx dx


= −  ( )1.58  

Derivative of z  relates to layer strain at the fibre, closest to the interface, as 

follows (Eqs. 1.59, 1.60): 
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 ,A
iA

dz

dx
 =  ( )1.59  

 .B
iB

dz

dx
 =  ( )1.60  

The deformation state, internal forces and moments of the layered element 

are depicted in Figure 1.28. The latter two expressions can be moved to the 

second-order differential equation in Eq. 1.61: 

 
2

2
.iA iBd dd

dx dxdx

 
= −  ( )1.61  

 
Fig. 1.28. Deformation, forces, and moments in layers of a layered element 

 (Foraboschi, 2009) 

The relationship between internal strains i  and layer axial forces and ben-

ding moments (Eqs. 1.62–1.65): 

 ,  A
iA M

A A

dM
d

E W
 − =  ( )1.62  

 ,t
iA N

A A

dN
d

E A
 − = −  ( )1.63  

 ,B
iB M

B B

dM
d

E W
 − = −  ( )1.64  

 ,t
iB N

B B

dN
d

E A
 − =  ( )1.65  

here, M and N – bending moment and axial force of the layer, respectively, E – 

elastic modulus of the layer, A – layer cross-section area, and W – layer cross-
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section modulus. Using previous expressions, a relationship between interface slip 

and layer internal forces can be written (Eq. 1.66): 

 
2

2
.t tB A

B B B B A A A A

dN dNdM dMd

E W E A E W E Adx


= − + − +  ( )1.66  

The bending stiffness of the individual layer and the layered element, res-

pectively (Eqs. 1.67, 1.68): 

 ,B B
B

A A B B

E J

E J E J
 =

+
 ( )1.67  

 ,A A
B

B B

E J

E J
 =  ( )1.68  

here, J  – the second moment of area of the layer. When the shear component is 

negligible compared to the flexural component, it is assumed that the bending 

moment is proportional to the bending stiffness. Ultimately, a final form of layer 

slip, layered element stiffness and applied load relationship is presented 

(Eq. 1.69): 

 
2

2

1 1 1
,  A B

i
B B A B B B B A A B B

J dMd
D

E J W E W E W E A E Adx




   
= − + + +   

   
 ( )1.69  

here, D – interface width and i – interface shear stress. When the shear compo-

nent in bending has to be considered, mostly in a composite element with signifi-

cantly different (in terms of geometry or materials) layers, vertical deformation 

must be determined. Curvatures of each layer are equal along the beam length. 

The curvature of the layer is calculated as follows (Eq. 1.70): 

 
2

2

1
,A A A

A A A A A

M d M

r E J G A dx


= − +  ( )1.70  

here,   – cross-section shear factor, G  – shear modulus of the layer. 

The model assumes the interface shear–slip curve, composed of two parts. 

As layers slip, the shear stress: 1) increases, reaching the highest interface 

shear capacity; and 2) decreases, eventually reaching a shear stress value equal 

to 0. It should be noted that the decrease in shear stress is not brittle but softe-

ned. The curve is given in Figure 1.29. The equations for interface behaviour 

and element flexural behaviour at the first and second parts of the curve, res-

pectively (Eq. 1.72): 
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here, e  – the highest interface shear stress, e  – the interface slip at the highest 

interface shear stress, q – uniformly applied load, and u  – the final interface 

shear slip.  

 
Fig. 1.29. Interface shear stress–layer slip relationship curve (Foraboschi, 2009) 

1.4.3. Peng et al. Model 

Peng et al. (2024) proposed an analytical method for evaluating the deflection of 

multilayered concrete elements comprising more than two layers. The method in-

corporates interface stiffness and interlayer slip but is limited to elements in which 

all layers have identical thickness and material properties. The geometry of the 

multilayered beam and its free-body diagram are shown in Figure 1.30. The fol-

lowing assumptions form the basis of the model: 

1. All the deformations (layer and interface) are linearly elastic. 
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2. Due to the first assumption, the longitudinal shear force t  is equal to

t K= . Here,  is the slip between two layers and K  is the interface 

shear stiffness. 

3. The layered element is slender, and Euler–Bernoulli beam theory is ap-

plicable. 

4. The interface layer is assumed to have negligible thickness, and normal 

deformation at the interface is neglected. As a result, only tangential de-

formation is considered, and all layers exhibit equal vertical deflection. 

 

 
Fig. 1.30. Diagrams of layered element: a) geometry of multilayered beam; b) free-body 

diagram (Peng et al., 2024) 

The general equation for the displacement of the ith layer (Eq. 1.73): 

 ( ) ( )0, 2 1 ,   1,2, , ,i i

dw
u x z u z h i i n

dx
= −  − −  =    ( )1.73  

here, 0iu  – displacement of the middle plane of the ith layer and w  – deflection 

of the element, which is equal between all layers. The axial stresses of the layers 

can be determined as follows (Eq. 1.74): 

 ( ) ( )
2

0

2
, 2   ,i

i

du d w
x z E z hi h

dx dx


 
= − − + 

 
 ( )1.74  

here, E  – layer elastic modulus. The axial forces and the bending moment of the 

ith layer can be determined as follows (Eqs. 1.75, 1.76): 

 ( ) 0 ,i i ii
N x b dz EAu = =   ( )1.75  
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M x b zdz EIw= =  ( )1.76  

here, b  – element thickness, 2A bh= – the area of the cross-section, and 

32

3
I bh=  – the second moment of the area. 

The interface shear force can be calculated from the following expression 

(Eq. 1.77): 
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 +  ( )1.77  

here, n  – the number of the layers and Q  – the layered element transverse force. 

The deflection of the element ( )w x  can be determined by substituting the result 

of ( )T x  to the following equation (Eq. 1.78): 

 2 .nEIw hT Q= +  ( )1.78  

1.4.4. Marčiukaitis et al. Model 

Marčiukaitis et al. (2006) proposed an analytical deflection model for composite 

members subjected to bending, based on the built-up bars theory. The study fo-

cused on concrete–steel sheeting composite elements. However, the method is 

also applicable to concrete–concrete layered elements. In the equations, properties 

of different materials are considered.  The model accounts for a relative slip be-

tween layers through the interface shear stiffness. As the slip develops, the effec-

tive stiffness of the layered element decreases. The method can be applied from 

the fully composite stage when no interface slip is present up to failure caused by 

excessive interface deformation. The mathematical formulation begins with the 

expression for a relative slip (Eq. 1.79). 

 1 2 ,u u u= −  ( )1.79  

here, 1u  and 2u  – horizontal displacements of the first and second layers. By 

considering the geometric, material characteristics of the layers, the interface for-

ces at the layers and at the interface, such an expression can be written (Eq. 1.80): 
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40 1. FLEXURAL STIFFNESS ANALYSIS OF LAYERED CONCRETE ELEMENTS WITH… 

 

here, 0M  – the sum of bending moments not considering interface partial shear 

connection, T  – interface shear force, c  – distance between centroids of the 

layers, E  – layer elastic modulus, A – layer cross-sectional area, and I  – layer 

cross-section second moment of area. After further development of equations and 

addition of the coefficient  = , with which the model considers the stiffness 

of the interface, an equation for the deflection of the layered member can be writ-

ten (Eq. 1.81): 
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8 0.5eff eff

ch ll
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 ( )1.81  

here, M  – the moment acting on the whole layered member, l  – the span of the 

element subjected to bending, eff effE I  – the cross-sectional stiffness of the lay-

ered element, and 
1

D
 – another coefficient considering the layered element stiff-

ness. One of the interface stiffness components is determined accordingly (Eq. 

1.82): 

 ,w

eff

bG

z
 =  ( )1.82  

here, b  – width of the interface, effz  – distance between neutral axis of the layers, 

and wG  – shear stiffness modulus. In the paper by Marčiukaitis et al. (2006), the 

latter coefficient was obtained experimentally from independent interface shear 

tests. The authors recommend this approach in the absence of analytical proce-

dures for determining the shear stiffness modulus. Because interface deformation 

directly affects this coefficient, it can be used to account for interlayer slip. The 

flexural stiffness coefficients for the layered element are given in Eqs. (1.83)–

(1.85): 
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1.4.5. Comparison of Flexural Stiffness Models 

Comparing the analytical methods for evaluating the flexural stiffness of layered 

elements, several conclusions can be drawn. Although the method proposed by 

Magnucki et al. (2020) is derived from systems of differential equations, the au-

thors provide convenient solutions that allow relatively straightforward algebraic 

analysis. This model considers stress and deformation of individual layers; how-

ever, it does not account for the interface stress–deformation state, partial inter-

face shear connection, or slip. Thus, this model can only be used up to interface 

adhesive failure, and it overestimates the flexural stiffness of the layered element 

when used after adhesive failure. Foraboschi (2009) developed a more advanced 

model that explicitly links interface deformation, overall flexural stiffness, and 

the transmission of forces between layers. The approach also incorporates an in-

terface shear resistance model that is consistent with these mechanisms. Despite 

its broad applicability, the model is comparatively complex and less suited for 

routine engineering use. The model developed by Peng et al. (2024) provides a 

suitable framework for estimating deflection, layer stresses, and internal forces in 

multi-layer concrete elements (two or more layers). The method incorporates the 

interface stiffness and an interlayer slip; however, it is restricted to systems in 

which all layers possess identical thicknesses and material properties. This as-

sumption substantially limits the model’s applicability, as most layered concrete 

elements comprise layers with differing strengths and thicknesses. Averaging 

these parameters can significantly distort the predicted flexural stiffness. Moreo-

ver, since the study (Peng et al., 2024) does not present a procedure for determin-

ing interface stiffness, a monolithic shear stiffness value may need to be assumed. 

Consequently, the model’s validity may be confined only to interface adhesive 

failure. The final method, proposed by Marčiukaitis et al. (2006), incorporates the 

partial shear connection of the interface. Individual behaviours, geometries, and 

material characteristics of each layer are considered. By accounting for layer 

cracking and updating the interface shear stiffness parameter wG , the model can 

be used to predict deflection before and after interface adhesive failure. However, 

similar to the study by Peng et al. (2024), Marčiukaitis et al. (2006) do not present 

an analytical procedure on how to determine the shear modulus wG . This condi-

tion limits models’ applicability only up to the interface adhesive failure stage.  

Generally, the literature offers very few analytical approaches for determining 

wG  in concrete-to-concrete interfaces. As a result, the applicability of this model 
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is constrained by the need for experimentally obtained values of the interface 

shear stiffness. 

1.5. Conclusions of the First Chapter and 
Formulation of the Dissertation Tasks  

The following conclusions can be drawn after completing the literature review of 

layered concrete structural element research: 

1. Layered concrete elements offer structural and environmental advanta-

ges, including greater flexibility in structural system design, strengthe-

ning of existing structural elements, and reduced material consumption. 

2. Layered concrete element performance is governed by the characteristics 

of the interface. Interface failure is one of the most prominent failure mo-

des for layered concrete elements. Therefore, both interface shear resis-

tance and interface shear stiffness must be considered in the analysis of 

such elements. 

3. Interface shear resistance and shear stress are governed by contributions 

of physical interface components – shear mechanisms. The effectiveness 

of shear mechanisms depends on concrete layer properties, interface su-

rface roughness, connector characteristics, differential shrinkage between 

layers, and the applied loading. 

4. Most interface behaviour models focus on predicting interface shear re-

sistance. However, accurate analysis of the flexural stiffness of layered 

elements requires the determination of interface shear stiffness. Existing 

stiffness models for concrete-to-concrete interfaces are limited in number 

and scope, rarely accounting for multiple behaviour stages, changing 

contributions of shear mechanisms and differential shrinkage effect. 

Furthermore, most are restricted to specific interface conditions, such as 

defined roughness. These limitations highlight the need for a more comp-

rehensive interface stiffness model. 

5. When two layers of a layered concrete element are cast at different times, 

each layer experiences shrinkage at a different pace. This effect causes 

additional shear stress at the interface, decreasing adhesive interface re-

sistance. This phenomenon is called differential shrinkage and should be 

considered during the analysis of layered concrete elements. 

6. Several flexural stiffness models for layered concrete elements were re-

viewed. Some models do not consider interface shear stiffness or do not 

provide analytical expressions for its determination. Additionally, certain 

models inadequately represent individual layer properties. Therefore, the 
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analysis conducted in this dissertation requires a model that accounts for 

interface shear stiffness, as well as the material properties and geometries 

of the individual layers. 

 

Based on the literature review and the identified research gaps, the following 

dissertation tasks were formulated: 

1. To develop an analytical method for determining the shear stiffness of 

the concrete interface at different stages of interface behaviour. 

2. To develop an analytical method for determining the deflection of layered 

concrete elements subjected to bending, considering the shear stiffness of 

the interface. 

3. To develop a numerical model for simulating the flexural behaviour of a 

layered semi-precast concrete slab with plastic void formers. 

4. To carry out experimental tests on layered concrete interfaces, layered 

concrete beams and layered concrete slabs with plastic void formers. 

5. To validate the proposed analytical models by comparing the analytically 

obtained results with the experimental and numerical results.
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2 
Stiffness Models for Layered 

Concrete Interfaces and Layered 
Concrete Elements Under Bending 

The Second Chapter introduces novel analytical models for predicting the beha-

viour of concrete interfaces, the effects of differential shrinkage, and the flexural 

stiffness of layered concrete elements with partial shear connection interfaces. In 

addition, a numerical model for a layered concrete slab incorporating plastic void 

formers is developed and presented. The contents of this chapter have also been 

published in the following works: (Masėnas et al., 2021, 2023; Masėnas & Vali-

vonis, 2024a, 2025; Valivonis et al., 2026). 

2.1. Shear Stiffness Model for Layered Concrete 
Interface 

The previous chapter reviewed the existing interface behaviour models. Models 

addressing only shear resistance were found to be insufficient, as this dissertation 

requires a description of interface shear stiffness. Although several stiffness-rela-
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ted models exist, they are limited in number and scope, rarely accounting for mul-

tiple interface behaviour stages, changing contributions of shear mechanisms and 

differential shrinkage effect. Furthermore, most are restricted to specific interface 

conditions, such as defined roughness. Consequently, a new interface stiffness 

model is developed and presented in this section. 

The key parameter describing interface stiffness is the interface effective 

shear stiffness modulus effG , also referred to as the slip modulus. This parameter 

is typically obtained experimentally, and its value decreases as the slip between 

layers increases. When the interface shear stress–slip relationship is known for the 

full range of interface behaviour, the shear stiffness modulus can be calculated 

using Eq. 2.1 (Manojlovic & Kocetov-Misulic, 2016; Marčiukaitis et al., 2006): 

 ( ) .effG s
s


=  ( )2.1  

It should be noted that the value of effG  must satisfy the condition

0.4eff cmG E , where 0.4 cmE  represents the shear stiffness of monolithic con-

crete. This indicates that, at the onset of slip, the initial interface shear stiffness is 

equal to the shear stiffness of a monolithic concrete section. This value decreases 

as the interface starts to crack and the layers start to slip. The subsequent step in 

evaluating interface stiffness is therefore the determination of shear stress and slip 

values over the full range of interface behaviour. 

A theoretical model for interface shear behaviour was developed based on a 

comprehensive review of push-off test data available in the literature (Barbosa 

et al., 2017; Crane, 2010; Fang et al., 2020; Figueira et al., 2016; Júlio et al., 2010; 

Liu et al., 2019, 2021; Mohamad & Ibrahim, 2015; Scott, 2010; Semendary et al., 

2020; Shaw & Sneed, 2014; Sneed et al., 2016), on recommendations from rele-

vant design codes (European Committee for Standardization, 2023; International 

Federation for Structural Concrete (fib), 2020) and on studies of interface shear 

stress–layer slip relationships (Liu et al., 2019; Yang, 2016). The analysis of the 

presented literature identified several interface behaviour stages. A relationship 

was observed between interface stress and slip and various interface parameters, 

such as concrete strength, connector strength, connector ratio and others. Based 

on these relationships, regression analysis was performed, and corresponding 

equations were derived (Eqs. 2.2, 2.3, 2.5–2.8, 2.11–2.13). The results showed 

that the influence of interface parameters varies across different behaviour stages, 

indicating an evolving contribution of shear mechanisms. The variables reported 

to influence interface performance are summarised in Annex A. 

The proposed model is based on a novel shear stress–slip relationship. The 

relationship curve, shown in Figure 2.1, is divided into four stages of interface 
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behaviour representing the principal novelty of the model. As mentioned earlier, 

the general shape and structure of this curve come from the analysis of experi-

mental concrete interface test results, the recommendation of design codes, and 

relevant interface shear stress–layer slip relationship studies. Existing interface 

shear-resistance models typically address only a single behaviour stage, while  

available shear stress–slip models provide limited detail, particularly for smooth 

concrete-to-concrete interfaces. In contrast, the proposed model covers the full 

range of interface performance: from the onset of shear loading to the Stage where 

shear transfer is governed primarily by interface connectors after concrete-to-con-

crete bonding has been lost. 

 

 
Fig. 2.1. Novel interface shear stress–layer slip relationship curve 

At Stage 1, shear transfer at the concrete interface is governed solely by co-

hesive bonding between the layers. Initial interface cracking occurs at shear stress 

A . According to Model Code 2010 (Fib Model Code for Concrete Structures 

2010, 2013) and the referenced push-off studies (Barbosa et al., 2017; Crane, 

2010; Fang et al., 2020; Figueira et al., 2016; Júlio et al., 2010; Liu et al., 2019, 

2021; Mohamad & Ibrahim, 2015; Scott, 2010; Semendary et al., 2020; Shaw & 

Sneed, 2014; Sneed et al., 2016), this corresponds to slip values in the range of 

0.01–0.05 mm. The shear stress–slip behaviour for this Stage is, therefore, defined 

by Eqs. 2.2–2.4: 

 0.2 ,A ctf =  ( )2.2  
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 0.01 0.05  ,As mm=   ( )2.4  

here,   – coefficient accounting for the influence of the interface location relative 

to the composite cross-section centroid. Under the pure shear condition (for 

example, in push-off test), it is equal to  = 1.0. ctf  – tensile concrete strength, 

1LS  – the first moment of the bottom layer area, and LS  – the first moment of the 

composite section area. 

At the beginning of Stage 2, cohesive bonding at the interface begins to 

decrease, and other shear mechanisms join shear resistance. The following equa-

tions describe the interface behaviour at this Stage (Eqs. 2.5–2.7): 

 ( )0.5 ,B fr dw sh    = + −  ( )2.5  
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At the end of Stage 2, at the point B , the maximum combined cohesive and 

interlock resistance is reached. The analysis of experimental data indicates that 

B  is governed by the ratio  
y

c

f

f


, where yf  – connector yield stress,  – co-

nnector ratio, and cf  – weaker concrete compressive strength. This ratio reflects 

the relationship between connector-induced stresses and the concrete’s comp-

ressive strength: higher concrete strength shifts B   towards cohesion and inter-

lock, whereas lower strength increases the relative contribution of connectors. Co-

efficient  directly depends on the value of this ratio. The term sh  in Eq. 2.5 

represents the shear stress induced by differential shrinkage, which reduces B . 

The components fr  and dw  correspond to shear friction and dowel action, res-

pectively. The slip at this Stage, Bs , also depends on cf   and the ratio 
y

c

f

f


: 

higher concrete strength results in stiffer behaviour (lower Bs ), while lower 

strength produces a more ductile behaviour (higher Bs ). 
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At Stage 3, all cohesive and interlock mechanisms have failed. Shear transfer 

along the interface is provided solely by friction and dowel action. This Stage 

primarily represents the potential reduction in interface shear resistance following 

the peak. The expressions for Stage 3 shear stress and the corresponding slip are 

given in Eqs. 2.8 and 2.11. Eqs. 2.8–2.10 are based on recommendations by Eu-

rocode 2 and Model Code 2020 (European Committee for Standardization, 2023; 

International Federation for Structural Concrete (fib), 2020). The shear stress 

components arising from friction and dowel action are defined in Eqs. 2.9 and 

2.10: 

 ( )0.5 ,C fr dw   = +  ( )2.8  

 ( ) ( )0.005 ,fr n c y c cf f sin cos      = + + +  ( )2.9  

 ,dw c yf f =  ( )2.10  

 
0.28 1.42.3 0.00003 ,C c ss f A−= −  ( )2.11  

here, sA  – cross-sectional area of one interface connector in mm2,   – interface 

surface friction coefficient, n  – compressive stress due to external loading, and 

c  – interface connector inclination angle. 

At Stage 4, the interface behaviour is governed solely by friction and dowel 

action. At this Stage, yielding of the interface connectors may occur. The corres-

ponding expressions for shear stress and slip at Stage 4 are as follows (Eqs. 2.12–

2.14): 

 ( )0.5 ,D fr dwD   = +  ( )2.12  

 0.161.22( ) ,yD f  −=  ( )2.13  

 6  ,Ds mm=  ( )2.14  

here, D  – coefficient, which controls the magnitude of shear stress D  in relation 

to C . In practical terms, the value of D  determines whether the interface shear 

stress decreases, plateaus, or increases in Stage 4, depending on connector cha-

racteristics. When the connector diameter, the connector ratio, or the connector 

strength are low, the connectors tend to reach hardening or the kinking effect (Fib 

Model Code for Concrete Structures 2010, 2013) at relatively small slip values. 

Conversely, a larger value of the parameter yf   results in a delayed onset of 
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these effects. The slip value at Eq. 2.14 is equal to 6 mm. This constant limit was 

selected because the experimental push-off tests used to calibrate the model were, 

on average, conducted up to slip values of approximately 6 mm. In this model, all 

stresses (shear and normal), as well as all material strength parameters, shall be 

expressed in MPa, while interface slip shall be expressed in millimetres. 

Another novelty of this dissertation is the incorporation of differential shrin-

kage when evaluating adhesive resistance at the interface. The term sh  in 

Eqs. 2.5 and 2.15 denotes the shear stress induced by differential shrinkage. The 

following equations (Eqs. 2.15–2.28) define the procedure for calculating diffe-

rential shrinkage strains and the resulting stresses. The proposed model is based 

on the study by Elliott and Jolly (2014), with significant improvements, like the 

assumption that the interface is restrained (same deformation at the contact 

between layers). Also, the omission of the shrinkage strain value of the first layer, 

before the second layer casting, in the overall differential shrinkage effect, and 

other improvements. Differential shrinkage studies were also analysed for the re-

finement of the model (Abbasnia et al., 2005; Lampropoulos et al., 2014; Vinkler 

& Vítek, 2019). The distribution of shrinkage-induced forces and moments within 

the cross-section is shown in Figure 2.2, where layers 1 and 2 correspond to the 

precast and cast-in-place concretes, respectively. The assumed shrinkage strain 

distribution is presented in Figure 2.3. 

 

 
Fig. 2.2. Shrinkage-induced forces and moments at the layered element 

 
Fig. 2.3. Shrinkage strain distribution in the cross-section 
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Figures 2.2 and 2.3 illustrate that the first layer undergoes shrinkage both 

before and after the casting of the second layer. When the first layer reinforcement 

is positioned near the mid-depth, the shrinkage strain may be assumed uniform 

across its thickness. The bond at the interface between the layers is considered 

fully restrained and identical at both sides (Eq. 2.20). At the time of the second-

layer casting, the concrete in the first layer is already hardened, while the concrete 

in the second layer remains formable. Consequently, the shrinkage deformation at 

the bottom of the second layer “follows” the shrinkage deformation at the top of 

the first layer. This is the physical explanation for the “restrained” interface. The 

concrete at the upper surface of the second layer does experience restriction due 

to contact with the first layer; however, since no direct contact between the layers 

occurs in this zone, shrinkage develops more independently than at the interface. 

It should be noted that flexural reinforcement restrains shrinkage regardless of the 

layer in which it is located (Eq. 2.23). 

Differential shrinkage in a layered concrete element is defined as the diffe-

rence between the shrinkage strain at the centroid of the second layer and at the 

top of the first layer (Eq. 2.19). The shrinkage strain at the centroid of the second 

layer is obtained geometrically (Eq. 2.22), using the shrinkage strains at the 

bottom and top surfaces of the layer (Eqs. 2.20 and 2.21). The shrinkage at the top 

of the second layer (and generally throughout all layer height) is reduced due to 

restraint from the bottom of the layer, the reinforcing bars, and the layer thickness 

itself (Eq. 2.21). 

In Figure 2.2, the axial force F  (Eq. 2.18) is theoretically applied at the 

centroid of the layered element and at the centroid of the second layer to reach an 

equilibrium, due to the strain difference between layers. Bending moments 1M

and 2M  (Eqs. 2.27, 2.28) around the centroids of the first and the second layers, 

respectively, form due to flexural reinforcement bending due to shrinkage. cM  

(Eq. 2.17) is the resulting bending moment, combining all previously mentioned 

internal forces, acting around the centroid of the layered element. 

 ,v
sh

i

F

l b
 =  ( )2.15  

 ,c
v c

c

S
F F M

I
= +  ( )2.16  

 1 2 ,cM Fe M M= + −  ( )2.17  

 2 ,s cF E mA=  ( )2.18  
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here, vF  – longitudinal force at the interface, resulting from differential shrin-

kage, il  – interface length, b  – interface width, F  – axial force, applied to the-

oretically reach an equilibrium, due to the strain difference, cM  – composite 

cross-section bending moment, S  – the first moment of one-layer area around the 

transformed composite cross-section, cI  – the second moment of the area of the 

transformed composite cross-section, e  – distance between the centroids of the 

second layer and the composite cross-section,  1M  – the first layer bending mo-

ment, caused by bent reinforcement. 2M  – the same bending moment for the 

second concrete layer, s – differential shrinkage strain, cE  – the first layer con-

crete modulus of elasticity, m  – ratio between concrete elastic moduli of the 

second layer and the first layer, and 2A  – the second layer cross-sectional area. 

 2. 1.  ,s y t  = −  ( )2.19  

 1. 1 1.0 ,t  = −  ( )2.20  

 2. 2 2. 2. 2. ,t c r s    = − − −  ( )2.21  

 
( )( )2. 1. 2 2

2. 1.
2

,
t t

y t

h y

h

 
 

− −
= +  ( )2.22  

here, 2.y   – shrinkage strain at the centroid of the second layer, 1.t  and 2.t  – 

shrinkage strain at the top of the first and the second layer, respectively, 1 and 

2  – the first and the second layer free shrinkage, respectively, 1.0 – the first layer 

shrinkage, at the time of the second layer casting, 2.c – concrete tensile strain, 

caused by compressed reinforcement (due to shrinkage), 2.r – restrained shrin-

kage due to contact between concrete layers, 2.s – restrained shrinkage due to 

size effect, 1h  – the first layer height, 2h – the second layer height, 1y  – distance 

from the bottom of the first layer to the centroid of the layer, and 2y  – distance 

from the top of the second layer to the centroid of the layer. All shrinkage defor-

mation values apart from 1 , 2 , and 1.0  are restrained shrinkage values due to 

contact between layers and reinforcement. 

 

2.
,

,c
c

c effE


 =

 
( )2.23
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 2. 2 ,r R =  ( )2.24  

 ( )2. 2 20.7 0.03 ,s h = +  ( )2.25  

 2

,

,

1
 

s
c

c eff

s

E

E

E

 




=

+

 ( )2.26  

 ( )1 1 1 1 1 ,s sM E A y a= −  ( )2.27  

 ( )2 2 2 2 2 ,s sM E A y a= −  ( )2.28  

here, c  – tensile stress in concrete, ,c effE – composite cross section concrete  

elastic modulus, R – shrinkage restraining coefficient (Abbasnia et al., 2005; 

Lampropoulos et al., 2014) (in a range of 0.10÷0.64),   – ratio of reinforcement 

in the area around the reinforcement, sE  – reinforcement elastic modulus,  1sA

and 2sA  – areas of reinforcement of the first and second layer, respectively, 1a – 

distance from the bottom of the first layer to the centre of the reinforcement of the 

same layer,  2a – distance from the top of the second layer to the centre of the 

reinforcement of the same layer, and cy – distance from the top of the element to 

the composite centroid. Once the shear stress and slip values are defined for all 

four interface behaviour stages, the interface shear stiffness modulus effG  can be 

computed for each stage. 

2.2. Flexural Stiffness Model for Layered Concrete 
Beams with Partial Shear Connection Interfaces 

An analytical deflection method for layered elements – the built-up layers 

method – is employed in this study. The method, originally used by Marčiukaitis 

et al. (2006) for concrete–steel sheeting composite members and introduced in the 

First Chapter, is adapted here for concrete-to-concrete layered elements. Its main 

advantage is the explicit consideration of interface shear stiffness, which enables 

the evaluation of the resulting flexural stiffness of the entire element. The internal 

force and moment distribution within the layered cross-section is illustrated in 

Figure 2.4. The corresponding deflection expression for a layered element sub-

jected to bending is given in Eq. 2.29: 
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Fig. 2.4. Distribution of forces and moments in a layered element 
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, ,1 ,1, , ,2 ,2,

1 1 1
,

c eff eff cr c eff eff cr eff effD E I E I E I
= −

+
 ( )2.30  

 , =  ( )2.31  

 

, ,1 ,1, , ,2 ,2,

2
, ,1 , ,2 ,1, ,2,

, ,1 ,1, , ,2 ,2,

,

eff eff c eff eff cr c eff eff cr

c eff c eff eff cr eff cr eff

c eff eff cr c eff eff cr

E I E I E I

E E A A z

E A E A

= + +

+

 ( )2.32  

 

2

, ,1 ,1, , ,2 ,2, , ,1 ,1, , ,2 ,2,

1 1
,

eff

c eff eff cr c eff reff cr c eff eff cr c eff eff cr

z

E A E A E I E I
 = + +

+
 ( )2.33  

 .
eff

eff

bG

z
 =  ( )2.34  

The values in the equations were explained in the First Chapter. In the present 

adaptation of the analytical method, the cross-sectional and material properties corres-

pond to two concrete layers rather than a concrete–steel composite section. Geometric 

layer cross-section properties are determined as follows (Eqs. 2.35–2.36): 

 , , , ,eff i cr i crA bx=  ( )2.35  

 ( )
2,

, , , ,
,

.
3

i cr s
eff i cr s i i i cr

c eff

bx E
I A d x

E
= + −  ( )2.36  

The neutral axis of the cracked cross-section is determined according to 

Eq. 2.37: 
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 , , , , ,  eff i cr cr eff i cr crA x S x= →  ( )2.37  

here, , ,eff i crS  – the second moment of the layer cross-section area. By considering 

layer cracking and adjusting the interface shear stiffness value effG , the model can 

be used to determine deflection at different loading and deformation stages. Co-

efficient effG  can be determined according to the method presented in Section 

2.1. The interrelation between theoretically determined interface shear stress and 

applied transverse load is expressed in Eq. 2.38: 

 
,

,
x s

c

VS

I b
 =  ( )2.38  

here, V – transverse load, acting on the beam, ,x sS – the first moment of area on 

one side of the interface, cI – moment of inertia of the composite cross-section, 

and b – width of the interface. The bending moment at which the element sub-

jected to bending starts cracking is determined according to Eq. 2.39: 

 .ct c
cr

c

f I
M

y
=  ( )2.39  

2.3. Numerical Model of Layered Concrete Element 
with Partial Shear Connection Interface 

In addition to the analytical analysis of layered element behaviour, a numerical 

analysis of a layered concrete slab was performed. A semi-precast slab with plas-

tic void formers, tested under four-point bending (Fig. 2.5), was modelled. The 

slab contained no interface connectors. For the application of loads and supports, 

metal loading plates were modelled. The model was meshed into 3D quadrilateral 

finite elements, which were 20 mm in size. Model material properties are presen-

ted in Table 2.1. For concrete compression and tension, Thorenfeldt (TNO 

DIANA BV, 2015) and brittle curves (DIANA FEA BV, 2017) were used, res-

pectively. Reinforcement was modelled with von Mises plasticity. Interface beha-

viour was modelled as purely elastic. The normal stiffness of the interface was 

taken as the elastic modulus of concrete. The shear stiffness was initially set to

0.4 cmE , corresponding to monolithic behaviour, and was progressively reduced 

with increasing load. The final numerical model is shown in Figure 2.6. Nonlinear 

analysis was performed using the arc-length control method, and the model was 
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evaluated in discrete load steps. These load increments correspond to those mar-

ked on the experimental load–deflection curve in Figure 2.7. 

 

 
Fig. 2.5. Layered slab test arrangement 

 

 
Fig. 2.6. Layered slab numerical model 

 
Fig. 2.7. Loading levels of layered concrete slab 
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Table 2.1. Numerical model material characteristics 

Concrete 

Compressive strength, MPa 37.00 

Tensile strength, MPa 2.83 

Elastic modulus, GPa 32.58 

Reinforcement 

Yield stress, MPa 470.00 

Elastic modulus, GPa 199.00 

Interface 

Normal stiffness, N/mm3 33.00 

Shear stiffness, N/mm3 13.00÷0.38 

 

For calculating the deflection of layered concrete elements under bending, 

three flexural behaviour stages of the experimental specimen were identified 

(Fig. 2.7). In this figure, the horizontal axis represents deflection at midspan, and 

the vertical axis represents load P (Fig. 2.5). Stage 1 corresponds to elastic beha-

viour with a fully rigid (monolithic) interface. Stage 2 begins once flexural crac-

king occurs, the member exhibits nonlinear flexural behaviour while the interface 

remains fully bonded. Stage 3 starts when interface stiffness begins to decrease 

due to interface cracking, resulting in the interface exhibiting partial shear co-

nnection and increasing layer slip. 

During the numerical analysis, the normal stress distribution in the cross-

section and the shear stress distribution along the interface were evaluated. Nor-

mal stresses were examined at levels B, C, D, E, and F (Fig. 2.7), while interface 

shear stresses were assessed at levels A, C, D, E, and F. Up to level A, the slab 

exhibited elastic behaviour. Levels B and C corresponded to Stage 2, where the 

slab behaved in a more nonlinear way due to cracking. At level D, slip between 

layers initiated, marking the beginning of Stage 3. Continued layer slip was ob-

served at level E, and flexural failure occurred at level F. Normal stress was de-

termined in three sections (SYY1, SYY2, and SYY3) and along the top fibre at the loca-

tion of SYY3, while interface shear stresses τSY were obtained along the layer 

interface. The locations of these sections are illustrated in Figure 2.8. 

Under load level A, when the interface between the concrete layers remains 

intact, the shear stress at the slab end is equal to τ = 0.095 MPa. At a distance of 

300 mm from the edge, the stress increases to τ = 0.202 MPa (Fig. 2.9). At load 

level C, the interface is still undamaged, and the shear stress distribution follows 

the same trend, with proportionally higher values. At load level D, the interface 

slip initiates, producing a sudden increase in shear stress at approximately 0.225 m 

from the slab edge. Here, τ = 0.270 MPa is recorded at the edge and τ = 0.346 MPa 

at 300 mm. At level E, shear stress becomes more uniform, and the local peak is 
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reduced. At level F, a continued slip produces a distribution similar to that at level 

E: τ = 0.420 MPa at the slab end and τ = 0.461 MPa at 300 mm. These results 

indicate that at load level D (25 kN), the interface transitions to a state of partial 

shear connection. 

 

 
Fig. 2.8. Stress distribution analysis sections 

The analysis of normal stress distribution in section SYY1 (Fig. 2.10) shows 

that under load B, the stress varies linearly with the section depth, and the layered 

slab behaves similarly to a solid member. Under load C, a local increase in normal 

stress appears at the interface level (the bottom layer depth is 40 mm). This stress 

concentration becomes more pronounced under load D. Under load E, the bottom 

layer begins to crack. Under load F, cracking in the bottom layer continues, while 

compressive stresses in the top layer increase. The analysis of stresses in section 

SYY2 (Fig. 2.11) shows that, at mid-span, normal stresses initially follow a linear 

distribution through the depth. Under load level B, the bottom layer and part of 

the upper layer already experience cracking. With increasing load, cracking pro-

pagates upward toward the compression zone. In section SYY3, load level B initiates 

cracking in the bottom layer, and the layer appears fully cracked at a relatively 

low load. The top layer, however, continues to carry bending independently of the 

bottom layer. As shown in Figure 2.12, tensile stresses develop at the bottom and 

compressive stresses at the top, with tensile stress varying linearly and comp-

ressive stress following a parabolic distribution. As the load increases, tensile 

stresses in the top layer diminish due to progressive cracking, while compressive 

stresses increase accordingly. 
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Fig. 2.9. Shear stress distribution at the interface 

 
Fig. 2.10. Normal stress distribution at the section SYY1 

 
Fig. 2.11. Normal stress distribution at the section SYY2 
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Fig. 2.12. Normal stress distribution at the section SYY3 

The numerical analysis has disclosed that normal cracks in the slab appear near 

the voids in the sections. Calculations have shown that higher stresses are concentra-

ted near the voids and are significantly lower in concrete webs. The maximum comp-

ressive stress was observed in the areas of plastic inserts next to load application 

points. Stress distribution along the length of the slab is shown in Figure 2.13. 

 

 
Fig. 2.13. Normal stress distribution at the top of the section SYY3 
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The numerical results were compared with the experimental results obtained 

for a layered slab with the same geometry and material properties, tested by Ibra-

him (2019). The comparison of numerical and experimental curves led to valida-

tion of the numerical model. The experimental slab failed in bending at a load of 

35 kN, with interface failure occurring at approximately 25 kN. The experimental 

load–deflection curve is shown in Figure 2.14. This figure depicts slab deflection 

at midspan. During Stages 1 and 2, the numerical deflections closely matched the 

experimental results. In Stage 1, the load–deflection behaviour was linear, as the 

concrete remained elastic. In Stage 2, cracking initiated, producing a nonlinear 

behaviour; the precast bottom layer was the first to crack, as confirmed by stress 

distribution analysis. In Stage 3, some differences between numerical and experi-

mental deflections could be observed. Despite deviations during the slip, numeri-

cal deflections remained close to experimental values at the beginning of interface 

degradation, indicating that the model adequately represents interface behaviour. 

Overall, the strong agreement between numerical and experimental results 

supports the validity of the numerical model. 

 

 
Fig. 2.14. Experimental and numerical slab load–deflection curves 

2.3. Conclusions of the Second Chapter 

The content of the chapter can be summarised by these conclusions: 

1. A novel interface stiffness model has been developed. The model is based 

on the interface shear stress–slip relationship curve and distinguishes four 

stages of interface behaviour. Each stage reflects the involvement of new 
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identified shear stress and slip values at these stages, the interface shear 

stiffness can be determined accordingly. 

2. One of the key novelties of the proposed interface stiffness model is the 

inclusion of the differential shrinkage effect. An additional model was 

developed to account for this phenomenon. It considers the shrinkage 

restraint at the interface, the influence of reinforcement and layer pro-

perties. Ultimately, the differential shrinkage stress value, which reduces 

the adhesive interface resistance, is determined. 

3. A flexural stiffness model based on the built-up layers theory was adap-

ted for layered concrete elements. This model enables the deflection of 

the layered element to be determined while accounting for the individual 

properties of the two layers and the varying interface shear stiffness. The 

corresponding values of interface stiffness can be obtained using the pro-

posed interface stiffness model. 

4. A numerical finite element model of a layered slab with void formers was 

developed. The analysis showed that interface deformation leads to a re-

distribution of normal and shear stresses, causing the layers to act more 

independently and contributing to intensified crack formation. In addi-

tion, higher concentrations of normal stress were observed in the regions 

adjacent to the voids created by the void formers, while lower stress le-

vels occurred in the concrete webs.
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3 
Experimental Investigations of 

Layered Concrete Elements with 
Partial Shear Connection Interfaces 

This chapter presents experimental tests of seventeen push-off specimens to imp-

rove the understanding of concrete interface behaviour and the influence of inter-

face connectors. In addition, six layered concrete beams were tested to evaluate 

the behaviour of layered concrete elements under bending, including flexural 

capacity, interface behaviour, cracking patterns, and other relevant aspects. Fi-

nally, two semi-precast concrete slabs incorporating plastic void formers were tes-

ted. The results of all experimental investigations were used to validate the pro-

posed analytical models. The material presented in this chapter has also been 

published in the following studies: (Masėnas et al., 2021; Masėnas & Valivonis, 

2024a, 2025; Valivonis et al., 2026). 

3.1. Experimental Investigation of Concrete Interface 

Seventeen experimental push-off specimens were tested to investigate the beha-

viour of the concrete layer interface. In Figure 3.1a, a typical push-off specimen 
is presented. The lower layer is the first concrete layer, while the upper one is the 
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second concrete layer. In this research, alongside a typical specimen, with co-
nnectors perpendicular to the interface (Fig. 3.1a), as is commonly presented in 
the literature, several new types of experimental specimens were constructed. All 
types of specimens are summarised in Table 3.1. 

Table 3.1. Types of push-off specimens 

Specimen type P L1 L2 S 

Interface type Smooth Smooth Smooth Shear keys 

Connector ar-

rangement 

Perpendicular to 

the interface 

Lattice gir-

der type 

Lattice girder 

type 

Perpendicular to 

the interface 

 

Specimens shown in Figures 3.1b and 3.1c had interface connectors inclined 

relative to the interface. These specimens were designed to simulate an interface 

reinforced by a lattice girder, as commonly found in typical filigree slabs. Notably, 

specimens P, L1, and L2 had smooth interfaces. The specimen depicted in Fi-

gure 3.1d was constructed to have its interface shaped in the form of shear keys 

(Fig. 3.1e). Similar interfaces are found in connections between precast concrete 

panel walls (Rizkalla et al., 1989; Sørensen et al., 2017). The experimental speci-

mens were labelled as follows: P (perpendicular connectors), L1 (type 1 lattice 

girder connectors), L2 (type 2 lattice girder connectors), and S (shear key inter-

face). Different specimens within the same category were numbered sequentially: 

L1-1, L1-2, L1-3, etc. The interface connector inclination angles of specimens P, 

L1 and L2 are depicted in Figure 3.2. Specimens S had identical connector incli-

nation angles to specimens P. 

Normal-weight concrete was used for all experimental specimens. The  

28-day compressive strength of each layer was determined by testing 100 ×  

100 × 100 mm cubes, converting the results to the standard 150 × 150 × 150 mm 

cube strength, and subsequently to cylindrical strength (ACI Committee 318, 

2014). The specimens consisted of two concrete layers with intentionally different 

properties: the first layer had higher compressive strength, reflecting typical filig-

ree slab construction where the precast layer is stronger than the cast-in-place 

topping. Compressive strength on the day of testing was obtained from 150 × 

300 mm cylinders, from which the elastic modulus was also derived. Flexural ten-

sile strength was determined using three-point bending tests on prisms with a 

100 × 100 mm cross-section and a 300 mm span. A summary of concrete pro-

perties is provided in Table 3.2. 
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Fig. 3.1. Four types of push-off specimens: a) type P specimen; b) type L1 specimen; c) 

type L2 specimen; d) type S specimen; and e) the geometry of the shear key interface 

 
a)                                 b)                                 c) 

Fig. 3.2. Types and angles of connector inclination: a) connectors of P specimen; b) co-

nnectors of L1 specimen; and c) connectors of L2 specimen 

Table 3.2. Physical properties of two concrete layers 

Layers 

Compressive 

strength at 28 

days, MPa 

Compressive 

strength at the day 

of tests, MPa 

Flexural strength at 

the day of tests, 

MPa 

Elastic mo-

dulus, GPa 

First 

layer 
37.4 42.9 8.1 31.4 

Second 

layer 
21.6 27.8 5.6 23.2 
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The interface situated between the two concrete layers measured 240 mm × 

120 mm. The interface was crossed by eight bars of 4 mm interface connectors. 

This diameter was selected to induce a more plastic behaviour at the interface and 

is commonly used by lattice girder manufacturers (FILIGRAN, 2025)(AVI, 2025). 

The resulting interface connector ratio was 0.35%. The stress–strain diagrams of 

the connectors are presented in Figure 3.3. Three tested bars exhibited similar 

yield stress values, with an average yield stress of 607 MPa and an average elastic 

modulus of 183 GPa. Ultimate stress value was calculated as the average and was 

equal to 675 MPa. The average ultimate strain was equal to u = 0.0317. The re-

maining reinforcement consisted of S500 12 mm bars. 

The specimens consisted of two concrete layers. The first layer was cast, and 

the second layer was placed 23 days later. The specimen construction process is 

depicted in Figure 3.4. Before casting the second layer, the substrate was not 

wetted, classifying it as a dry surface (Elliott & Jolly, 2014). All interfaces were 

cleaned thoroughly to remove dust, laitance, and other contaminants. Concrete 

prisms measuring 400 mm × 100 mm × 100 mm were cast from the same batches 

as the experimental specimens and used to measure the shrinkage of both layers. 

Shrinkage was recorded using a mechanical strain gauge, and the results are pre-

sented in Section 3.4.  

 
Fig. 3.3. Interface connector stress–strain curves 

   
Fig. 3.4. Push-off shear specimen construction process 
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Displacement-controlled loading was used in the push-off tests to accurately 

capture the force–slip relationship. The load was applied at a rate of 0.5 mm/min. 

A typical test setup is shown in Figure 3.5. A spherical hinge was installed on the 

loading head to eliminate eccentricity. Displacements were recorded using 

LVDTs configured to measure both vertical slip of the upper concrete layer and 

horizontal opening of the interface. The vertical slip, representative of layer-slip 

measurements typically used in bending tests, was captured by transducer V, po-

sitioned at the bottom of the upper layer. Interface separation was measured by 

transducers H1 and H2, placed at the top and mid-height of the interface, respecti-

vely, as shown in Figure 3.5. All LVDTs had an accuracy of ±0.001 mm. 

 

 
Fig. 3.5. Push-off shear specimen testing arrangement 

Experimental specimens P, L1, and L2 failed due to interface shear, attribu-

ted to the smooth interface and differential shrinkage between layers. Specimens 

of type S exhibited shear key failure. Due to the different failure patterns, the 

experimental results (interface shear stress and slip) for specimens P, L1, and L2 

are presented in Tables 3.3 and 3.4, while the results for specimens S are presented 

separately. Four interface behaviour stages, presented in the previous chapter 

(Fig. 2.1), are also evident in the experimental shear stress-layer slip diagrams 

presented in this paper. The points of initial crack formation, loss of adhesion 

(correlation between sudden shear stress drop and a noticeable crack formation at 

the interface), and failure of the first interface connector were determined by phy-

sically observing the tests and interpreting the experimental curves. Experimental 

investigations validated the proposed interface behaviour curve, presented in the 

Second Chapter. 
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Table 3.4. Layer slip values of experimental push-off specimens P, L1, and L2 

Speci-

men 

Slip at loss of adhesion, mm Slip at failure of the first connector, 

mm 

Individual Average SD Individual Average SD 

P-1 0.11 

0.06 0.04 

5.82 

6.09 0.50 P-2 0.03 6.66 

P-3 0.05 5.78 

L1-1 0.10 

0.08 0.02 

4.55 

5.10 0.46 

L1-2 0.07 4.84 

L1-3 0.07 5.24 

L1-4 0.11 5.27 

L1-5 0.06 4.83 

L1-6 0.07 5.86 

L2-1 0.04 

0.07 0.04 

3.32 

3.62 0.29 

L2-2 

L2-3 

0.07 

0.03 

3.33 

4.08 

L2-4 0.09 3.51 

L2-5 0.04 3.79 

L2-6 0.12 3.70 

 

Three type P specimens were tested (Fig. 3.6a). For specimen P, the average 

shear stress at the loss of adhesion (end of Stage 2 in Fig. 2.1) was 1.08 MPa, 

corresponding to 59% of the peak interface shear stress and occurring at an aver-

age slip of 0.06 mm. Model Code 2020 (International Federation for Structural 

Concrete (fib), 2020) indicates that adhesion loss should occur at slips not exceed-

ing 0.05 mm, meaning the measured slip was effectively consistent with the pre-

dicted range. Specimens L1 and L2 exhibited similar slip values at adhesion loss. 

A pronounced shear-stress drop followed the loss of adhesion (Fig. 3.6a), marking 

the transition to interface behaviour Stage 3 and. Thereafter, shear stress increased 

again, marking Stage 4. Shear stress increased until the first connector/connectors 

failed, after which the interface shear stress dropped. The average peak shear 

stress for type P specimens was 1.84 MPa, with the first connector failing at an 

average slip of 6.09 mm. Standard deviations in Table 3.3 reflect higher variability 

in stages governed by concrete surface characteristics and lower variability in 

stages governed by steel connector behaviour. Complete interface failure for spec-

imens P, L1, and L2 is shown in Figure 3.7. 
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During testing, transducers H1 and H2 measured the interface crack width, 

as shown in Figure 3.5. Figure 3.6b presents the relationship between perpendic-

ular interface opening and layer slip for specimens P. The crack width increased 

until a slip of approximately 2 mm and remained nearly constant while slip con-

tinued. This corresponds to the increase in shear stress observed in Figure 3.6a 

and is attributed to connector-induced clamping. At a slip of about 6 mm, the crack 

width began to rise sharply, indicating the onset of connector failure. For speci-

mens P, the measured crack width was generally greater at the top of the interface, 

which is attributed to the bending-dominated deformation of the connectors.  

 

      

      
Fig. 3.6. Interface behaviour curves: a) shear stress–layer slip relationship and  

b) crack width–layer slip relationship of P specimens 

 
Fig. 3.7. Complete specimen P, L1, and L2 interface failure 
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Six L1 specimens were tested (Fig. 3.8a). On average, adhesion was lost at a 

slip of 0.08 mm, corresponding to a shear stress of 1.24 MPa, or 73% of the peak 

interface shear stress. After this point, the shear stress dropped, indicating the on-

set of the third behaviour stage. In the fourth stage, the average peak shear stress 

reached 1.70 MPa. Connector shearing began at an average slip of 5.10 mm. 

Figure 3.8b shows the development of the interface crack width for the L1 

specimens. The crack widened rapidly up to a slip of approximately 1 mm, after 

which the rate of widening decreased substantially. Even when connectors began 

to fail (Fig. 3.8a), the crack width continued to increase gradually. At a slip of 

10 mm, the crack remained narrower than that observed in the P specimens. This 

indicates that the L1 connector arrangement is more effective in limiting interface 

opening, likely due to reduced susceptibility to interface bending. 

 

        

 

Fig. 3.8. Interface behaviour curves: a) shear stress–layer slip relationship and  

b) crack width–layer slip relationship of L1 specimens 

0.0

0.4

0.8

1.2

1.6

2.0

2.4

0 1 2 3 4 5 6 7 8 9 10

τ, MPa

s, mm

L1-1
L1-2
L1-3
L1-4
L1-5
L1-6

0.0

0.3

0.6

0.9

1.2

1.5

0 1 2 3 4 5 6 7 8 9 10

wcr, mm

τ, MPa

H1 L1-1 H2 L1-1

H1 L1-2 H2 L1-2

H1 L1-3 H2 L1-3

H1 L1-4 H2 L1-4

a) 

b) 

0.0

0.3

0.6

0.9

1.2

1.5

1.8

0.0 0.2 0.4 0.6 0.8 1.0

τ, MPa

s, mm



72 3. EXPERIMENTAL INVESTIGATIONS OF LAYERED CONCRETE ELEMENTS… 

 

Six L2 type specimens were tested (Fig. 3.9a). The shear stress at which 

adhesion was lost ranged from 0.69 MPa to 1.55 MPa, corresponding to 33–76% 

of the average maximum interface shear stress. The average shear stress at the loss 

of adhesion was 1.12 MPa. After a slight reduction, the shear stress increased ra-

pidly. The average maximum shear stress for L2 specimens was 2.03 MPa, the 

highest among P, L1, and L2 specimens. The average slip at which the first co-

nnector failed was 3.62 mm, the lowest of the three specimen types. Transitions 

between interface behaviour stages were consistent with those observed in P and 

L1 specimens. 

Unlike specimens P and L1, the crack width of the L2 specimens increased 

almost linearly from the start of loading until the last connectors were sheared 

(Fig. 3.9b). The largest final crack width at the largest slip (8 mm) was 78% gre-

ater than the widest crack in L1 specimens. 

 

   

 
Fig. 3.9. Interface behaviour curves: a) shear stress–layer slip relationship and  

b) crack width–layer slip relationship of L2 specimens 
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Two specimens with interfaces shaped as shear keys were tested (Fig. 3.1d). 

The experimental results are summarised in Table 3.5. After the formation of the 

first cracks (end of the first behaviour stage), the interfaces began to slip rapidly 

(Fig. 3.10a). The shear stress increased and then dropped slightly when separation 

between the layers occurred, indicating the loss of adhesion. A crack developed 

between the interlocking shear keys along the interface, and an additional crack 

formed at the bottom of the upper shear key of the second layer. Both specimens 

exhibited the same cracking pattern, shown in Figure 3.11. Following separation, 

the shear stress continued to rise, reaching 3.65 MPa for specimen S-1 and 

4.01 MPa for specimen S-2. After peak capacity was reached, all shear keys of the 

second layer were sheared off, causing a reduction in shear stress. This marked 

the end of interlock action and the completion of the second behaviour stage. The 

shear keys failed due to the lower concrete strength of the second layer. Once the 

keys had sheared off, the shear stress values at both interfaces became similar. 

After this point, distinguishing between the third and fourth behaviour stages is 

difficult, as only a decrease in shear stress is observed. The first connector in spe-

cimen S-1 failed at a shear stress of 1.77 MPa and a slip of 5.12 mm, while in 

specimen S-2 it failed at 1.90 MPa and 6.81 mm. 

The crack widths of specimens S were the highest among all types of speci-

mens (probably because of high interface roughness after shear key failure) and 

the growth of crack widths was almost linear (Fig. 3.10b). Similar to specimens 

P, due to the same connector arrangement, the crack width at the top of the inter-

face was greater than at the middle. 

  
Fig. 3.10. Interface behaviour curves: a) shear stress–layer slip relationship and  

b) crack width–layer slip relationship of S specimens 
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Table 3.5. Interface shear stress and slip of experimental push-off specimens S 

Spe-

cimen 1 , MPa 2 , MPa 3 , MPa 2s , mm 3s , mm 
Failure 

mode 

S-1 1.72 

2.15 

3.05 

3.25 

3.65 

3.83 

0.37 

0.27 

0.85 

0.66 

Shear 

keys 

failure 

S-2 2.57 3.44 4.01 0.16 0.47 

Shear 

keys 

failure 

 

In this table 1  – shear stress, at which the first crack formed; 2  –  shear 

stress at the separation of the layers; 3  – shear stress at the failure of the shear 

keys; 2s  – slip at the separation of the layers; 3s  – slip at the failure of the shear 

keys. 

 

  
Fig. 3.11. Failure of the S specimen interface: a) appearance of the first crack and  

b) failure of shear keys 

To properly compare the strengths and behaviours of each push-off specimen 

type, those exhibiting shear stress and slip values closest to the average within 

their category were selected (Tables 3.3 and 3.4). For this task, specimens P-2, 

L1-4, and L2-6 were selected. Out of two specimens with shear keys, specimen 

S-2 was chosen randomly. Figure 3.12 shows the interface behaviours of these 

specimens.  

When comparing the diagrams, specimen S exhibited the highest interface 

shear capacity,  which was approximately three times that of a smooth-interface 

specimen. Unlike specimens P, L1, and L2, specimen S reached its peak shear 

a) b) 
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capacity without any contribution from connectors, which is typical for rough or 

mechanically interlocked interfaces. The point at which the shear keys failed in 

specimen S corresponds to the point of adhesion loss in specimens P, L1, and L2, 

as in both cases, the concrete-to-concrete bond capacity is fully exhausted. At this 

stage, specimen S showed a notably more ductile behaviour, experiencing larger 

slip values than the other specimen types. Experimental results from this study 

and findings reported in the literature indicate that concrete bonds in non-smooth 

interfaces fail at higher slip values (Barbosa et al., 2017; Rizkalla et al., 1989; 

Semendary et al., 2020; Sørensen et al., 2017), whereas smooth interfaces typi-

cally lose cohesion at much smaller slips (Liu et al., 2019, 2021; Shaw & Sneed, 

2014). The slip at which the first connector failed in specimen S was comparable 

to the other specimens, as the geometry of specimen S does not significantly alter 

connector-governed behaviour.  

Despite some of its advantages, the shear-key interface geometry is not rea-

dily applicable to layered concrete beams or slabs and is more suited to precast 

wall connections. The shear-key configuration also introduces disadvantages, 

including less predictable crack development. In the present tests, the interface 

crack propagated into the surrounding concrete, causing local spalling, a beha-

viour not observed in specimens with smooth interfaces. 

 

 
Fig. 3.12. Shear stress–layer slip relationship of every specimen type 
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ling a direct comparison. After adhesion failure and a slight drop, all three speci-
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the present tests, the early increase in shear stress is attributable to the low co-

nnector ratio: the small-diameter connectors enter strain hardening at relatively 

small interface slips. 

For a better understanding of the behaviours of interfaces P, L1, and L2 with 

different connector arrangements, it is essential to discuss the behaviours of the 

connectors themselves (Fig. 3.2). The horizontal connectors A of specimen P pri-

marily resist bending. Connectors B of specimen L1 are under bending, but are 

also more under tension. Connectors C are not as effective as connectors A or B, 

making their contribution less significant. In the end, it could be said that the co-

nnectors of specimen L1 mainly resist tension. The connectors of specimen L2 are 

bent (A) and under tension (B). 

Even though interface adhesion/interlock resistance is primarily governed by 

concrete properties, it is believed that the connector arrangements influenced the 

interface adhesion/interlock resistance. Specimens L1 and L2 demonstrated the 

highest interface adhesion/interlock resistances. These specimens had some co-

nnectors inclined in the direction of the shear force, placing them under tension. 

Connectors working in tension are therefore considered most effective during the 

adhesion/interlock stage. Connector configuration also affected crack-width de-

velopment (Figs. 3.6b, 3.8b, 3.9b, 3.10b). In specimens P and S, most connectors 

were predominantly subjected to bending, which resulted in the largest crack 

widths. This configuration also caused the crack at the top of the interface to be 

wider than at mid-height. Specimen P exhibited the lowest adhesion resistance, 

consistent with its connector arrangement being highly susceptible to bending. 

Specimen L1 had connectors that were affected by bending the least and develo-

ped the smallest crack widths. 

Specimen L2 experienced the most rapid increase in shear stress compared 

to specimens P and L1, ultimately reaching the highest value among the three 

(Fig. 3.12). However, the connectors of specimen L2 began to fail at the smallest 

slip values, leading to the soonest complete interface failure. Specimens P and L1 

exhibited similar shear stress values at the stage when the connectors took over 

the shear transfer. Specimen P demonstrated a higher shear stress at which the 

connectors failed. Up to the point of connector failure, the shape of the P specimen 

curve resembled a “saddle”, while the shape of the L1 curve was more linear, and 

the L2 curve resembled a “hill”. These distinctions between the P, L1, and L2 

specimens are attributed to the arrangement of their interface connectors. Fi-

gure 3.2 illustrates the angles with the interface plane that result from these spe-

cific arrangements. A Eurocode 2 equation (Eq. 3.1) is used for this analysis, since 

it considers connector inclination (European Committee for Standardization, 

2023).  

 ( ).Rdi v c v n y vc f f sin cos      = + + +  ( )3.1  
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Although Eq. 3.1 contains several variables, only the term sin cos  + is 

relevant here because concrete tensile strength, connector strength, and connector 

ratio were identical for all specimens. This term directly reflects the influence of 

connector inclination on the shear resistance when connectors govern the interface 

behaviour. Using the inclination angles from Figure 3.2 and a friction coefficient 

μ = 0.6 (ECS, 2006) for the smooth interfaces of specimens P, L1, and L2, the 

corresponding multipliers were calculated as 1.20, 1.19, and 1.42, respectively. 

These values confirm that specimen L2 should exhibit the highest connector-go-

verned shear resistance. They also show that greater connector inclination in the 

direction of the applied shear force increases the interface shear resistance in this 

stage. Model Code 2010 states that during dowel action, when the connector, due 

to bending, reaches significant inclination, an additional component resisting ten-

sile forces is generated (Fib Model Code for Concrete Structures 2010, 2013). It 

appears that the L2 specimen is the most susceptible to this phenomenon, known 

as the kinking effect. This is clearly illustrated in Figure 3.12. The similar shear 

stress values of specimens P and L1 are likewise consistent with their nearly iden-

tical multiplier values. For specimen S, the response after adhesion loss is gover-

ned primarily by interface friction. 

3.2. Experimental Investigation of Layered Concrete 
Beams 

Six experimental layered concrete beams were constructed and tested for the anal-

ysis of layered concrete elements under bending and the validation of the proposed 

flexural stiffness approach, presented in the Second Chapter. Beam geometry is 

shown in Figure 3.13. The objective of the selected geometry was to evaluate the 

flexural behaviour at the lattice–girder region of filigree slabs, the interface zone 

crossed by connectors. This region is particularly relevant in semi-precast slabs 

incorporating void formers (Fig. 3.14). Each beam consisted of two concrete lay-

ers: the bottom layer (the first casting) and the upper layer (the second casting). 

The beams were categorised by interface connector arrangement: type P with con-

nectors perpendicular to the interface, type L1 with connectors inclined relative 

to the interface, representing a lattice–girder configuration, and type L2 with an 

alternative lattice–girder arrangement. Figure 3.13 also indicates the longitudinal 

spacing of the connectors at the points where they intersect the interface. For each 

connector type, two-layer height subtypes were produced. The total height of all 

beams was 250 mm. All beam types are summarised in Table 3.6. 
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Table 3.6. Categorisation of layered concrete beams 

Specimen P-50 P-80 L1-50 L1-80 L2-50 L2-80 

Connector 

arrange-

ment 

Perpendi-

cular to the 

interface 

Perpendi-

cular to the 

interface 

Lattice 

girder 

type 

Lattice 

girder 

type 

Lattice 

girder 

type 

Lattice 

girder 

type 

Height of 

concrete 

layers 

(mm) 

50/200 80/170 50/200 80/170 50/200 80/170 

 

 
Fig. 3.13. Types and dimensions of the beams 
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Fig. 3.14. Relevant section in the layered concrete slab 

Typical normal-weight concrete was used for the layered beams. The con-

crete strengths of the two layers differed to reflect the conditions of semi-precast 

(filigree) slabs, where the first layer is factory-produced and typically stronger, 

and the second layer is cast on site and generally weaker. Concrete compressive 

strength and elastic modulus for each layer were determined at the time of beam 

testing using 150 mm × 300 mm cylinders. Flexural tensile strength was obtained 

from three-point bending tests on prisms with a cross-section of 100 mm × 

100 mm, a length of 400 mm, and a span of 300 mm. Concrete consistency was 

evaluated using slump tests. The material properties of each layer are summarised 

in Table 3.7. Concrete prisms were also used to measure the shrinkage of both 

layers, using a mechanical strain gauge (Fig. 3.15). The measured shrinkage 

values are presented in Figure 3.15. The average temperature and humidity at 

which the prisms were stored were 19.8 ℃ and 58%, respectively. 

 

   
Fig. 3.15. Concrete prisms and the recorded free shrinkage values 
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Table 3.7. Concrete characteristics of the two concrete layers 

Layer 

Compressive strength 

on the day of tests, 

MPa 

Flexural strength on the 

day of tests, MPa 

Elastic mo-

dulus, GPa 

Slump 

class 

First 

layer 
39.4 5.1 27.3 S3 

Second 

layer 
25.3 4.3 21.8 S3 

 

The resulting interface between the layers had dimensions of 120 mm × 

2000 mm. In all beams, the interface was reinforced by 16 connectors, each with 

a diameter of 3 mm. The interface connector ratio for half of the interface (from 

the highest shear stress to shear stress equal to zero) was equal to 0.047%. The 

layered beams were also reinforced by three flexural bars of 12 mm reinforcement 

at the lower (first) layer. The concrete cover was 25 mm. The upper (second) layer 

in beams P had two bars, and in beams L1 and L2, one bar of 8 mm flexural 

reinforcement. The average yield stress of the 3 mm bar was 251 MPa, the yield 

stress of the 12 mm bar was 591 MPa and for the 8 mm bar the declared 500 MPa 

was considered. Elastic modulus for the bars was 25 GPa for the 3 mm bar, 

170 GPa for the 12 mm bar and 200 GPa for the 8 mm bar.  

The casting interval between the two concrete layers was 78 days. The su-

rface of the first layer was smoothed prior to hardening. During curing, the first 

layer was neither covered with a membrane nor intentionally moistened. This was 

done to accelerate shrinkage and to obtain a more pronounced differential shrin-

kage effect. 

The beams were tested in a four-point bending setup, as shown in Fi-

gure 3.16. The displacement-controlled loading method was chosen to effectively 

capture the brittle failure of the beam, which was expected to result from interface 

failure. The displacement rate was 0.5 mm/min. Figure 3.16 presents the locations 

of displacement transducers. LVDT1 (resolution ∓0.01 mm) measured the mid-

span beam deflection, LVDT2 and LVDT3 (resolution ∓0.001 mm) measured the 

deflection at the supports, and LVDT4 and LVDT5 (resolution ∓0.001 mm) mea-

sured the relative layer slip. Furthermore, for an additional deformation measure-

ment, digital image correlation was used. The beams were painted white, marked 

with black dots and photographed throughout testing. The photos were uploaded 

to a dedicated software, Zeiss Correlate, and deformations were determined.  
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Fig. 3.16. Beam testing setup and deformation measurement 

All six of the layered concrete beams failed due to interface failure, and layer 

slipping occurred. Generally, the beams failed in the following sequence: normal 

cracks developed at the first layer (the end of the first layered element behaviour 

stage and the beginning of the second one), a horizontal crack developed at the 

interface, and normal cracks developed at the second layer (these events mark the 

third behaviour stage). However, the intensity of each type of cracking varied  

among the three beam types. Figure 3.17 presents the load–deflection curves of 

all beams, showing deflection at beam midspan. In this figure, point A corres-

ponds to the end of the first and the beginning of the second behaviour stage, and 

point B corresponds to the end of the second and the beginning of the third beha-

viour stage. Adhesion/interlock failure of the interface occurred at load levels 

between 25.1 kN and 44.3 kN. At this stage, high interface shear stresses caused 

failure of the adhesive and mechanical interlock mechanisms, resulting in a drop 

in applied load. In the third behaviour stage, as friction and dowel action began 

contributing to interface shear resistance, the load increased again. 

 

 
Fig. 3.17. Experimental load–deflection curves of layered concrete beams 
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The comparison of the experimental results for beam types P, L1, and L2 

shows that beams L2 exhibited the highest flexural capacity up to the point of 

interface adhesive failure. These beams also maintained higher capacity after 

adhesion loss (with the exception of beam L2-50, which was slightly exceeded by 

beam P-80 at large deflections). Beams P demonstrated the second-highest flexu-

ral resistance up to adhesive failure. At the third behaviour stage, the flexural 

capacities of beams P, L1-80, and L2-50 were similar. The lowest adhesive inter-

face capacity was observed in beams L1. The diagrams also show that beams L1-

50 and L1-80 behaved differently at the third behaviour stage; beam L1-50 in 

particular exhibited notably lower load levels. This behaviour is explained in sub-

sequent sections. It is believed that the highest flexural capacity of L2 beams is 

the result of their interface connector arrangement. The experimental results of 

the other two beam types are also affected by their respective interface connector 

arrangements. High adhesive interface resistance and high resistance after adhe-

sive failure for specimen L2 were determined in the author’s previous study of 

experimental push-off specimens in Section 3.1. The difference between experi-

mental P and L1 beam results and push-off specimen results might have been de-

rived from significantly different connector inclination angles, comparing current 

beam specimens and push-off specimens, presented in Section 3.1. In the previous 

section of this dissertation, a part of an equation from Eurocode 2 (European Co-

mmittee for Standardization, 2023) was used to investigate the influence of co-

nnector angle inclination on interface shear resistance. The relevant segment of 

the equation is sin cos  + , where   represents the friction coefficient, taken 

as 0.6 for smooth interfaces, and   – connector inclination angle (Fig. 3.13). 

When this expression is used over half of the beam length, the resulting values for 

beams P, L1, and L2 are 4.80, 3.34, and 7.05, respectively. These values are con-

sistent with the experimental results, confirming that beam L2 had the highest 

interface shear capacity, followed by beams P and L1. The earlier conclusion ap-

plies: a greater connector inclination in the direction of shear force increases the 

contribution of the connectors to interface shear resistance. 

A comparison between beams with thinner and thicker bottom layers (P-50, 

L1-50, and L2-50 versus P-80, L1-80, and L2-80) shows that beams with a thicker 

first layer achieved higher capacity before interface adhesive/interlock failure. 

This increase is attributed to the higher flexural stiffness of the composite cross-

section: the first layer had greater compressive strength than the second layer, and 

in the beams with first layers of 80 mm, it occupied a larger proportion of the total 

section depth. At the third behaviour stage, beams with thicker first layers again 

demonstrated higher capacity. Once the layers began to slip and behave more in-

dividually, the deeper and stronger first layer of the 80 mm beams contributed 

more significantly to flexural resistance than the thinner first layers of the 50 mm 

beams. 



3. EXPERIMENTAL INVESTIGATIONS OF LAYERED CONCRETE ELEMENTS… 83 

 

The cracking patterns provide essential information on beam behaviour. In 

beams L2, due to the latest interface failure, initial flexural cracks propagated 

through both layers. Once the interface cracked, crack growth in the first layer 

reduced, while crack development in the second layer increased. In beams P, 

flexural cracks formed in the first layer but did not significantly extend into the 

second layer until interface cracking occurred. In beams L1, where interface fai-

lure occurred the earliest, flexural cracking in the first layer was the least develo-

ped. All these differences are attributed to different interface connector arrange-

ments.  

The interface crack in beams P-50, L1-50, L2-50, and L2-80 did not propa-

gate along the full interface length. In contrast, beams P-80 and L1-80 exhibited 

interface cracking along the entire interface. The load and deflection at which the 

crack reached the second end of the beam were 29.0 kN (5.03 mm) for P-80 and 

29.1 kN (6.49 mm) for L1-80 (Fig. 3.17). Once full-length cracking occurred, the 

load dropped. The primary cause was the increased interface shear stress resulting 

from the interface being located closer to the centroid of the composite section. 

However, this behaviour was not observed in beam L2-80. To explain this diffe-

rence, the connector–interface crossing points in beams with thicker (80 mm) and 

thinner (50 mm) first layers within the same beam category were compared. In 

beam L2-80, the interface shifted upward by 30 mm relative to beam L2-50, cau-

sing the crossing points to move further toward the beam ends, where shear 

stresses are highest, thereby enhancing reinforcement in this region. In contrast, 

the crossing point locations in beams P-80 and L1-80 remained essentially 

unchanged. In beam L1-80, half of the crossing points shifted toward the beam 

ends while the other half moved away, resulting in no net positional change. All 

these aspects can be seen in Figure 3.13. An additional anomaly was observed in 

beam L1-50, which showed a significant load drop after adhesive failure and a 

notably low capacity in the third behaviour stage. This resulted from the sudden 

formation of a wide diagonal crack (0.77 mm near the interface) in the second 

layer immediately after adhesive failure. This crack propagated rapidly toward the 

loading point and did not occur in other beams. Crack widths near the interface 

were 0.66 mm for P-50 and 0.56 mm for L2-50. Examination of beam drawings 

and digital image correlation analysis results indicated that cracks in beams L1-

50 and P-50 did not cross interface connectors, explaining the larger crack widths 

compared with L2-50. Figure 3.18 presents the cracking patterns after adhesive 

failure for all beams. 
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Fig. 3.18. Cracking patterns of (a) P-50, (b) L1-50, (c) L2-50, (d) P-80, (e) L1-80 and  

(f) L2-80 beams at the beginning of the third behaviour stage 

The interface behaviour was identified as the primary factor governing the 

flexural behaviour of the layered concrete beams. Interface shear stress–slip cur-

ves are presented in Figure 3.19. The L2 interfaces exhibited the highest adhesive 

shear resistance (0.66 MPa and 1.02 MPa), followed by P (0.56 MPa and 

0.74 MPa) and L1 (0.47 MPa and 0.59 MPa). The same hierarchy remained after 

adhesion was lost. As previously discussed, this behaviour is attributed to the co-

nnector inclination angles. The connector arrangement directly affects the inter-

face shear stress–slip relationship: greater inclination in the direction of shear 

increases connector contribution and overall interface capacity. Layer separation 
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at the second end of the beam for P-80 and L1-80 can be seen at slips 0.99 mm 

and 2.11 mm, respectively (Fig. 3.19). At these points, a drop in shear stress can 

be observed. It can be concluded that the L2 interface connector arrangement cau-

ses the highest interface shear resistance and stiffness and as a result the overall 

highest flexural capacity and stiffness of the layered concrete beam. 

 

  
Fig. 3.19. Interface shear stress-slip relationship curves: of a) P beams;  

b) L1 beams; and c) L2 beams 

3.3. Experimental Investigation of Semi-Precast 
Concrete Slabs with Plastic Void Formers 

Layered concrete (filigree) slabs were produced for experimental analysis. Each 

slab consisted of two concrete layers cast at different times. The first layer was a 

50 mm precast concrete slab manufactured at a factory. The second layer was a 

210 mm cast-in-place concrete layer. Plastic void formers were used to create in-

ternal voids within the upper layer. Each void former was 140 mm in height and 

315 mm in diameter. The cross-sectional dimensions of the slabs were 1.20 m × 

0.26 m. Slabs of two different lengths were produced: a span of 4.98 m (S-1 slab) 

and a span of 2.70 m (S-2 slab) (Fig. 3.20). The corresponding quantities of plastic 

void formers were 39 and 21 units. The incorporation of void formers reduced the 

self-weight of S-1 by 0.90 t (22%) and of S-2 by 0.48 t (21%). The concrete vo-

lume was reduced by 0.36 m³ and 0.19 m³ for S-1 and S-2, respectively. 

Normal-weight concrete was used for both layers. The mechanical properties 

of the concretes are summarised in Table 3.8. Compressive strength was determi-

ned using standard cylinder tests (300 mm × 150 mm) and cube tests (100 mm × 
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100 mm × 100 mm). The elastic modulus was obtained from cylinder tests. Ten-

sile strength was calculated following the recommendations of Eurocode 2 (ECS, 

2006). 

Table 3.8. Concrete characteristics of the two concrete layers 

Layer 

Compressive strength 

on the day of experi-

ments, MPa 

Tensile strength 

on the day of 

tests, MPa 

Elastic modulus, 

GPa 

Slump 

class 

First 

layer 
51.4 3.7 36.0 S3 

Second 

layer 
44.3 3.3 35.3 S3 

 

Diameters and locations of the reinforcement and interface connectors are 

provided in Figure 3.20. The interface between the two concrete layers was 

crossed by 5 mm diameter interface connectors. The experimentally determined 

average yield stress of the connectors was 582 MPa, and the average elastic mo-

dulus was 167 GPa. The average yield stress and elastic modulus of the 10 mm 

flexural reinforcement were 561 MPa and 186 GPa, respectively. The correspon-

ding values for the 12 mm reinforcement were 558 MPa and 182 GPa. The inter-

face connector ratio, calculated for half of the interface (from the point of 

maximum shear to the point of zero shear), was 0.131%. 

The second concrete layer was cast 82 days after the first. A large casting 

interval was intentionally selected to generate a pronounced differential shrinkage 

effect. The surface of the first layer was smoothed, producing a smooth concrete 

interface. The first layer was stored under relatively dry conditions and was not 

protected with a curing membrane, which accelerated moisture loss and shrinkage. 

The construction process of layered concrete slabs is shown in Figure 3.21. It was 

assumed that the first layer had completed its shrinkage by the time the second 

layer was cast. Application of the proposed differential shrinkage model 

(Section 2.1) shows that the shrinkage strain of the first layer does not need to be 

considered if its shrinkage process has finished before casting of the second layer. 

Therefore, only the shrinkage of the second layer was measured. This was carried 

out by monitoring the free shrinkage of prisms cast from the same concrete used 

in the second layer. 
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Fig. 3.20. Geometry of layered concrete slabs 
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Fig. 3.21. Construction process of layered concrete slabs 

Layered concrete slabs were tested under a four-point bending configuration, 

as shown in Figure 3.22. Displacement-controlled loading was applied at a rate of 

1.5 mm/min. The locations of the displacement transducers are presented in Fi-

gure 3.22. LVDTs were installed on both sides of the slabs, except for LVDTs 15 

and 16, which were placed only on one side. LVDTs 1 and 2 measured mid-span 

deflection; LVDTs 3–6 measured deflection under the loading points; LVDTs 7–

10 measured support displacements; LVDTs 11–14 measured layer slip at both 

slab ends; LVDTs 15 and 16 measured layer slip 560 mm from the supports. 

LVDTs 7–16 had a resolution of ±0.001 mm, and LVDTs 1–6 had a resolution of 

±0.01 mm. Digital image correlation (DIC) was additionally used to measure 

deflection, layer slip, and cracking. The slabs were photographed during testing, 

and the photos were imported into dedicated software Zeiss Correlate, where the 

DIC analysis was performed. 

 
Fig. 3.22. Layered slab testing arrangements: a) slab S-1; and b) slab S-2 
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The test of the longer slab (S-1) was terminated at a load of 142.8 kN due 

to excessive deflection (152.8 mm). The load–deflection curves of both slabs are 

presented in Figure 3.23, showing deflection at slab midspan. The test of slab S-1 

was terminated during the yielding of the flexural reinforcement. As the load 

increased, vertical normal cracks formed. Figure 3.24 shows the cracking pattern 

of the slab at a load of 141.1 kN. Since cracking beyond the loading points was 

negligible, only the region of the highest bending moment is presented.  

For both slabs, layer slip was recorded at a distance of 560 mm from the 

supports using LVDTs 15 and 16 (Fig. 3.22). No slip was recorded by LVDTs 11-

14; therefore, their data are not shown. The reason why layer slipping might be 

measured by LVDTs 15 and 16 and not recorded by LDVTs at the end of the slab 

can be explained by the following progression: once the shear stress exceeds the 

adhesive resistance of the interface, an initial interface crack forms near the loca-

tion of LVDTs 15 and 16 (between the supports and the loading points). Only 

after further development of the interface crack toward the slab ends would layer 

slip be measurable by LVDTs 11-14. The displacement transducers recorded 

almost negligible slip between the layers for slab S-1 (up to 0.05 mm). The co-

rresponding layer slip diagrams for both slabs are presented in Figure 3.25.  

The test of the shorter slab (S-2) was terminated after failure occurred in the 

compressive zone. The failure point was located near one of the concentrated load 

points. The maximum load-bearing capacity of the slab was 335.4 kN, correspon-

ding to a deflection of 137.8 mm. The load–deflection curve for this slab is pre-

sented in Figure 3.23. 

During testing, the overall behaviour of slabs S-1 and S-2 resembled that of 

one-way solid cross-section slabs, as both failed in a normal section. However, 

several characteristics typical of layered elements were observed for slab S-2. As 

the load increased, a wider variety of cracks developed, including vertical and 

inclined normal cracks, as well as small horizontal cracks along the layer inter-

face. The cracking pattern at a load of 322.9 kN is shown in Figure 3.26. In this 

figure, several normal cracks are observed to change their trajectory after crossing 

the interface between the two layers. Additionally, interface cracks can be seen 

linking separate normal cracks at different layers, which is a typical feature of 

layered concrete behaviour. For slab S-2, a more significant layer slip was recor-

ded, despite the crack not propagating to the slab ends. The higher slip values and 

a flexural behaviour more characteristic of a layered element (compared to slab 

S-1) resulted from the larger shear forces acting at the interface, which in turn 

were caused by the shorter span length of 2.7 m. A similar span (1.8 m) can be 

seen in layered beams (Fig. 3.13). 
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Fig. 3.23 Load–deflection curves of both slabs 

 
Fig. 3.24. Cracking pattern of slab S-1 

 
Fig. 3.25. Layer slip diagrams of both layered slabs 

 
Fig. 3.26. Cracking pattern of slab S-2 
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3.4. Comparative Analysis of Theoretical and 
Experimental Results 

3.4.1. Theoretical Interface Behaviour Model Validation 

The analytical interface shear–slip model and the differential shrinkage model de-

veloped in this study were used to predict the interface behaviour of the tested 

push-off specimens. The shrinkage strain distribution assumed in the model is 

shown schematically in Figure 2.3. At the time the second layer was cast, on ave-

rage, the free shrinkage strain of the first layer was 1.0 235  = . By the day of 

testing, the free shrinkage of the first layer on average had increased to

1 355  ,=   meaning that during the interval between castings, the first layer 

shrank by 1. 120diff = . Over the same period, on average, the free shrinkage 

measured for the second layer was 2 253  = . The analytical procedure aims to 

determine the resulting differential shrinkage shear stress sh  at the interface. 

Using the adopted shrinkage distribution, the shrinkage strain at the centroid of 

the second layer was calculated as 2. 406y = . Differential shrinkage was there-

fore equal to 2. 1.  286 y diff  − = . Using Eq. 2.15, the resulting shrinkage shear 

stress was determined and was equal to 1.09sh =  MPa. This relatively high 

value may be attributed to the relatively dry environment in which the layers cu-

red, accelerating their shrinkage, and a relatively low first-layer residual shrinkage

1.diff , causing a higher differential shrinkage. 

The proposed interface behaviour model was applied to predict the interface 

behaviour of push-off specimens P, L1, and L2. Specimen S was not analysed, as 

the model is intended for smooth or slightly rough interfaces. Figs. 3.27a, 3.27b, 

and 3.27c present the experimental curves together with the theoretical curves ob-

tained using the proposed model (Eqs. 2.1–2.28). For comparison, theoretical cur-

ves excluding differential shrinkage effects are also shown. In addition, interface 

behaviour predictions generated using other available models (Birkeland & Bir-

keland, 1966; Committee for the Model Code 1990, 1993; ECS, 2006; European 

Committee for Standardization, 2023; International Federation for Structural Con-

crete (fib), 2020; Xu et al., 2015; Yang, 2016) are included to illustrate differences 

between existing approaches and the proposed analytical model. 

Starting with the proposed interface behaviour model, the closest agree-

ment with experimental results at the initial stages of interface behaviour 

(points A and B) was obtained for specimens P (Fig. 3.27a) and L2 

(Fig. 3.27c). For specimen L1 (Fig. 3.27b), the theoretical predictions were 
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slightly less accurate at these stages. Generally, shear resistance at the adhe-

sive resistance stage is more difficult to estimate due to less predictable che-

mical concrete and interface surface conditions. At later stages, the predicted 

shear stress values were close to the experimental results for specimens L1 and 

L2, and less accurate for specimen P. The model does not capture connector 

shearing, which must be evaluated separately; therefore, although the analyti-

cal curve matched the experimental one at point D for specimen P, significant 

discrepancies remained for specimens L1 and L2. At point B (adhesion fai-

lure), two theoretical values are shown: the continuous line represents calcu-

lations including shrinkage stress, and the dashed line represents calculations 

without differential shrinkage. For specimen P, adhesion resistance was redu-

ced from 2.02 MPa to 0.93 MPa (54%) when shrinkage was considered; for 

L1, from 2.00 MPa to 0.91 MPa (55%); and for L2, from 2.32 MPa to 

1.23 MPa (47%). Theoretical results indicate that differential shrinkage stress 

decreased the interface adhesion resistance by 47–55%. The results indicate 

that differential shrinkage reduced adhesion resistance by 47–55%. Point C 

(shear stress increase after adhesion failure) was predicted most accurately for 

specimen L2, which exhibited higher interface shear stiffness. 

There is a notable lack of interface behaviour models describing the in-

terface shear stress–slip relationship, which defines interface shear stiffness. 

Among the reviewed models, only those by Yang (2016), Xu et al. (2015), and 

the Model Code 1990 (Committee for the Model Code 1990, 1993) explicitly 

address this relationship. Other models presented in this section (Birkeland & 

Birkeland, 1966; ECS, 2006; European Committee for Standardization, 2023; 

International Federation for Structural Concrete (fib), 2020) provide only in-

terface shear resistance values without considering interface deformation. 

The shear stress–slip model by Yang (2016) was used for comparison 

(Fig. 3.27). Although Yang’s model achieved the highest accuracy among in-

terface stiffness models of other authors, it was less accurate than the proposed 

model. The predicted adhesive resistance was close to that obtained using the 

proposed model when differential shrinkage was not considered, indicating 

that Yang’s model lacks consideration of differential shrinkage.  The model 

also accounts for connector inclination, enabling distinct shear stress values 

for specimens P, L1, and L2. After adhesive failure, a drop in shear stress 

occurs. Yang’s model assumes that the shear stress decreases monotonically 

beyond this point and therefore fails to capture the subsequent stress increase 

observed in the fourth stage of the interface behaviour curve, likely due to the 

neglect of the dowel action. 

An interface stiffness model from the Model Code 1990 for smooth interfa-

ces was also tested. The predicted interface shear resistance was close to the expe-

rimental shear stress in specimen P after adhesive failure. For other specimens, 
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however, the accuracy was lower. Despite this, the predicted slip values were si-

milar to the experimental measurements across all specimens. The main limitation 

of this model lies in its lack of detail regarding shear stress parameters and the 

different stages of interface behaviour. 

The shear stress–slip models by Xu et al. (2015) and the Model Code 1990 (Co-

mmittee for the Model Code 1990, 1993) were also evaluated. However, they produ-

ced significantly inaccurate interface behaviour predictions and were therefore plotted 

separately (Fig. 3.27d) to avoid distorting the scale of comparative figures. This  

inaccuracy arises because these models were not developed for smooth interfaces: Xu 

et al. applies to monolithic interfaces, while the Model Code 1990 applies to rough 

interfaces. These limitations reinforce the lack of reliable models capable of descri-

bing the shear stiffness of smooth concrete interfaces. 

The remaining models describe only interface shear resistance, neglecting the 

interface slip. The Birkeland and Birkeland, based solely on clamping friction, 

reproduced part of the experimental behaviour of specimen P and matched por-

tions of the L1 curve. The second-generation Eurocode 2 and the Model Code 

2020 yielded identical shear resistance values for all specimens, as they neglect 

connector inclination for smooth interfaces. These values were nevertheless close 

to the adhesive resistance predicted by the proposed model. The first-generation 

Eurocode 2, which considers connector inclination, provided different resistance 

values for various connector angles; however, these were considerably higher than 

experimental results. 

In summary, only models that account for both shear stress and slip are sui-

table for studying interface shear stiffness, among which the proposed model de-

monstrated the highest accuracy. The coefficient of determination (R2) and root 

mean square error (RMSE) for all tested interface models are presented in 

Table 3.9. It can be observed that the proposed model demonstrated the highest 

R2 and the lowest RMSE values. 

The proposed analytical approach for determining the flexural stiffness of 

layered concrete elements was validated against experimental data reported by 

other authors. The interface behaviour of push-off specimens presented by Sneed 

et al. (2016) was predicted using the proposed interface shear stiffness model as 

well as other models from the literature (Fig. 3.28). Two stiffness models – the 

Model Code 90 (Committee for the Model Code 1990, 1993) for rough interfaces 

and the model by Xu et al. (2015) for monolithic interfaces greatly overestimate 

shear stress (as discussed in previous analysis). For this reason, they were exclu-

ded from the current interface analysis.  



94 3. EXPERIMENTAL INVESTIGATIONS OF LAYERED CONCRETE ELEMENTS… 

 

 

 

 

 
Fig. 3.27. Shear stress–layer slip relationship curves: a) of specimen P, b) of specimen 

L1, c) of specimen L2, and d) of all specimens and remaining interface stiffness models 
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Table 3.9. Error statistics for analytical vs experimental interface behaviour 

Model Error statistics P L1 L2 

Proposed R2 0.94 0.86 0.80 

RMSE, MPa 0.19 0.25 0.39 

Yang R2 0.15 0.44 0.28 

RMSE, MPa 1.10 0.60 0.76 

MC90 (smooth) R2 0.38 0.35 0.24 

RMSE, MPa 0.44 0.95 1.02 

Xu et al. R2 0.15 0.31 0.51 

RMSE, MPa 2.64 2.54 2.34 

MC90 (rough) R2 0.70 0.59 0.68 

RMSE, MPa 2.10 2.00 1.80 

Birkeland & Birkeland R2 Not defined Not defined Not defined 

RMSE, MPa 0.66 0.55 0.60 

Eurocode 2 (1st gen.) R2 Not defined Not defined Not defined 

RMSE, MPa 1.23 1.08 1.18 

Eurocode 2 (2nd  

gen.)/MC20 

R2 Not defined Not defined Not defined 

RMSE, MPa 0.60 0.52 0.61 

 

While many existing models achieved reasonable accuracy in describing in-

terface behaviour, the proposed model demonstrated both close agreement with 

the experimental results and a higher level of detail in representing the interface 

behaviour. The error statistics for all tested interface stiffness models are presen-

ted in Table 3.10. 

Table 3.10. Error statistics for analytical vs experimental interface behaviour 

Model Error statis-

tics 

S-CL-CJ-R-9-

1 

S-SL-CJ-S-

13-2 
S-SL-CJ-S-9-2 

Proposed R2 0.85 0.98 0.90 

RMSE, MPa 0.78 0.39 0.73 

Yang R2 0.50 0.32 0.17 

RMSE, MPa 1.78 2.11 1.94 

MC90 (smooth) R2 0.81 0.84 0.84 

RMSE, MPa 2.62 2.29 2.09 

Birkeland & 

Birkeland 

R2 Undefined Undefined Undefined 

RMSE, MPa 2.06 2.42 1.57 
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End of Table 3.10 

Model Error statis-

tics 

S-CL-CJ-R-9-

1 

S-SL-CJ-S-13-

2 
S-SL-CJ-S-9-2 

Eurocode 2 (1st 

gen.) 

R2 Undefined Undefined Undefined 

RMSE, MPa 2.34 2.92 2.02 

Eurocode 2 (2nd  

gen.)/MC20 

R2 Undefined Undefined Undefined 

RMSE, MPa 2.02 2.43 1.57 

 

 

 
Fig. 3.28. Interface shear stress–layer slip relationship experimental and analytical cur-

ves of a) S-CL-CJ-R-9-1; b) S-SL-CJ-S-13-2, and c) S-SL-CJ-S-9-2 
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the built-up layers deflection model. To obtain the deflection of each beam, the 

interface behaviour was first determined. Figure 3.29 compares the experimental 

and analytical interface shear stress–slip curves. The analytical predictions 

showed good agreement with the experimental results in the adhesive stage and 

after adhesion loss. The curves were generated using the proposed interface model 

(Eqs. 2.1–2.28). However, the model slightly overestimated the adhesive resis-

tance for beams P-80, L1-80, and L2-80. For most beams, the predicted post-

adhesion stress drop was larger than that observed experimentally. Additionally, 

because the model evaluates the interface behaviour at one end only, the reduction 

in shear stress caused by interface failure at the opposite end was not captured. 

Moreover, the model predicted an increase in shear stress in the post-adhesion 

stage for all beams, whereas this increase was less pronounced in beams L1-50 

and L2-50. Due to the low connector ratio, the model assumes that the connectors 

in all specimens reach the strain-hardening stage, resulting in an increase in shear 

stress for all specimens. 

Shear stress due to differential shrinkage was included in the calculations. 

Using the measured free-shrinkage values and Eqs. 2.15–2.28, the shrinkage 

strain components and the resulting interface shear stress were determined 

(Table 3.11). The shrinkage strain types referenced correspond to those defi-

ned in Section 2.1. When comparing beams with thinner first layers (P-50, L1-

50, and L2-50) to beams with thicker first layers (P-80, L1-80, and L2-80), it 

is evident that beams with thicker first layers develop higher differential shrin-

kage s  and consequently higher interface shear stress sh . The primary cause 

is the larger shrinkage of the second layer in these beams, as the lower height 

of this layer leads to higher shrinkage values ( 2.y  or 2.t ). In addition, the 

internal force distribution produced by differential shrinkage results in larger 

shear stress when the interface lies closer to the centroid of the composite 

section. Similarly, the values of L1 and L2 were derived from their identical 

flexural reinforcement (three reinforcement bars at the bottom and one at the 

top). This also explains the differences relative to beams P, which contain two 

bars in the upper layer.  

When the analytical shear stress and corresponding slip values are known for 

all interface behaviour stages, the interface shear stiffness modulus effG  is obtai-

ned directly from Eq. 2.1. The analytical values of effG  are presented in 

Table 3.12. In this table, interface behaviour stages are represented by points 0, 

A, B, C, and D (Fig. 2.1). Lastly, using Eqs. 2.29–2.37, load-deflection curves of 

layered concrete beams were determined (Fig. 3.30). 
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Table 3.11. Concrete shrinkage strain and interface shrinkage shear stress 

Speci-

men 
1,  

  
2 ,  

   
1.0 ,    

  
2. ,s  

   
2. ,  r  

  
2. ,c  

   
2. ,  t  

  
2. ,y  

   
1. ,  t  

  

,s  

  

,  sh  

MPa 

P-50 843 753 751 128 286 24 315 206 93 113 0.56 

P-80 843 753 751 112 286 24 331 214 93 121 0.60 

L1-50 843 753 751 128 286 12 326 211 93 118 0.59 

L1-80 843 753 751 112 286 12 342 219 93 126 0.62 

L2-50 843 753 751 128 286 12 326 211 93 118 0.59 

L2-80 843 753 751 112 286 12 342 219 93 126 0.62 

Table 3.12. Relationship between interface shear stress, slip, and shear stiffness modulus 

Interface cha-

racteristics 

Interface be-

haviour points 

Specimens 

P-50 P-80 L1-50 L1-80 L2-50 L2-80 

 , MPa 

0 0 0 0 0 0 0 

A 0.40 0.54 0.40 0.54 0.40 0.54 

B 0.52 0.86 0.38 0.69 0.65 1.05 

C 0.41 0.55 0.37 0.49 0.47 0.63 

D 0.64 0.87 0.58 0.78 0.74 1.00 

s , mm 

0 0 0 0 0 0 0 

A 0.02 0.02 0.02 0.02 0.02 0.02 

B 0.13 0.13 0.13 0.13 0.13 0.13 

C 0.92 0.92 0.92 0.92 0.92 0.92 

D 6.00 6.00 6.00 6.00 6.00 6.00 

effG , GPa 

0 8.70 8.70 8.70 8.70 8.70 8.70 

A 8.70 8.70 8.70 8.70 8.70 8.70 

B 4.01 6.67 2.95 5.36 5.06 8.18 

C 0.44 0.59 0.40 0.53 0.51 0.68 

D 0.11 0.14 0.10 0.13 0.12 0.17 

 

Alongside the proposed interface stiffness model, several existing models 

were used to predict interface behaviour. All calculations were performed without 

considering beam layer thickness, as none of these models accounts for the inter-

face location relative to the section height. Consequently, only one curve per mo-

del was generated for each beam type (P, L1, and L2) (Fig. 3.29). 

The interface stiffness model by Yang (2016) substantially overestimated the 

interface shear stress. While incorporating differential shrinkage effects might 
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yield more accurate adhesive resistance values, the predicted shear stresses remai-

ned excessively high even after adhesive failure. 

The smooth interface stiffness model from the Model Code 90 (Committee 

for the Model Code 1990, 1993) produced significantly lower shear stress values. 

This is likely due to the neglect of adhesive resistance, as the model considers 

only clamping and external compression friction at the interface. The remaining 

models describe only shear resistance and do not consider slip behaviour. 

The model by Birkeland and Birkeland (1966), which only accounts for 

clamping, predicted very low shear resistance. In contrast, the first-generation Eu-

rocode 2 (ECS, 2006) overestimated shear stress, likely due to superimposing 

adhesion and clamping friction mechanisms that do not act simultaneously.  

Among the shear resistance models, the second-generation Eurocode 2 (European 

Committee for Standardization, 2023) and the Model Code 2020 (International 

Federation for Structural Concrete (fib), 2020) produced the most accurate shear 

stress values. These codes recommend neglecting adhesive resistance for smooth 

interfaces, which resulted in analytical values that were closer to the experimental 

data in the post-adhesive failure stage. 

In summary, the proposed interface stiffness model achieved the highest ac-

curacy in predicting interface shear stress and slip, while also capturing multiple 

stages of interface behaviour. The coefficient of determination (R2) and root mean 

square error (RMSE) for all tested interface stiffness models are presented in 

Table 3.13. The proposed model achieved the highest R2 and the lowest RMSE 

values. 

Table 3.13 Error statistics for analytical vs experimental interface behaviour 

Model Error statis-

tics 
P-50 P-80 L1-50 L1-80 L2-50 L2-80 

Proposed R2 0.94 0.75 0.62 0.89 0.74 0.78 

RMSE, MPa 0.07 0.16 0.13 0.09 0.14 0.18 

Yang R2 0.13 0.20 0.03 0.36 0.02 0.05 

RMSE, MPa 0.77 0.69 0.87 0.72 0.75 0.67 

MC90 

(smooth) 

R2 0.46 0.23 0.39 0.37 0.36 0.34 

RMSE, MPa 0.33 0.45 0.27 0.37 0.41 0.55 

Birkeland 

& Birke-

land 

R2 
Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

RMSE, MPa 0.38 0.53 0.24 0.46 0.45 0.67 

Eurocode 2 

(1st gen.) 
R2 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

RMSE, MPa 0.64 0.55 0.67 0.52 0.67 0.56 
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End of Table 3.13 

Model Error statis-

tics 
P-50 P-80 L1-50 L1-80 L2-50 L2-80 

Eurocode 2 

(2nd  

gen.)/MC20 

R2 
Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

Unde-

fined 

RMSE, MPa 0.24 0.36 0.16 0.33 0.27 0.47 

 

 

 

 
Fig. 3.29. Interface shear stress–layer slip relationship experimental and analytical cur-

ves of a) P beams; b) L1 beams, and c) L2 beams 
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The deflection values of a layered beam depend on the load, shear stiffness 

coefficient (Table 3.12) and geometrical characteristics of the layers, which in 

turn are affected by cracking. The analytically determined cracking moment crM  

(Eq. 2.39) of the composite section was lower than the bending moment, at which 

the interface adhesive failure occurs (determined from Fig. 3.29). This indicates 

that flexural cracking in the bottom layer initiated before the loss of interface 

adhesion. Across all beams, crM ranged from 3.91 kNm to 4.01 kNm, whereas 

adhesive failure occurred at bending moments from 6.94 kNm to 7.68 kNm. 

Following adhesive failure, the layers began to deform independently, and crac-

king developed in the second layer. These changes in section properties were 

included in the analytical deflection calculations. 

The analytically determined deflection curves were generally in good agree-

ment with the experimental results, though some deviations were observed. The 

analytically predicted flexural stiffness of slab P-80 was lower than the experi-

mentally measured stiffness up to the point of interface adhesive failure. In addi-

tion, the analytical model did not capture the severe premature cracking observed 

in beam L1-50, which resulted in higher experimental deflections during the third 

flexural stage. Finally, the calculations assumed interface failure at only one beam 

end; therefore, the load drop recorded experimentally at 29.1 kN (6.49 mm) for 

L1-80 was not reproduced, and a linear load–deflection response was assumed 

after adhesive failure. 

Models proposed by other authors (Magnucki et al., 2020; Peng et al., 2024) 

were also employed to predict deflection values of layered concrete beams. These 

models were selected to assess whether variable interfacial stiffness must be incor-

porated into the flexural analysis of layered concrete elements and to determine 

which formulation most appropriately accounts for the mechanical and geometric 

characteristics of the individual layers. A deflection estimation model developed 

by Magnucki et al. (2020) does not account for interface failure; deflections were 

calculated only up to the experimental load corresponding to adhesive failure. As 

shown in Figure 3.30, for beams L1-50 and L2-50, the predicted deflections from 

both the proposed model and that of Magnucki et al. were in close agreement. For 

beams P-50, P-80, L1-80, and L2-80, however, the proposed model produced 

higher deflection values (more accurate predictions), likely because it accounts 

for partial interface shear connection and plasticity, which is not included in the 

model by Magnucki et al. 

The model by Peng et al. (2024) accounts for variable interface stiffness 

through different shear stiffness K values, referred to as effG   in this study, but 

does not provide a procedure for determining these values. Consequently, a cons-

tant monolithic shear stiffness was assumed, and interface failure was not consi-

dered. Another limitation of Peng et al.’s model is the assumption that the layers 
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have identical heights and material properties.  To comply with this assumption, 

the beams were calculated as having two 125 mm layers with averaged material 

properties, which resulted in overlapping analytical curves for P-50, L1-50, and 

L2-50 with those for P-80, L1-80, and L2-80 in Figure 3.30. This overlap illust-

rates the model’s neglect of layer thickness effects. The resulting load–deflection 

curves were similar to those of Magnucki et al., determined for beams P-80, L1-

80, and L2-80. It should be noted that the assumption of monolithic interface 

stiffness in the models by Magnucki et al. and Peng et al. resulted in lower 

deflection values at the interface adhesive failure stage. This demonstrates the ne-

cessity of accounting for partial interface stiffness in layered concrete elements 

under bending. 

The coefficient of determination (R2) and root mean square error (RMSE) for 

all tested flexural stiffness models are presented in Table 3.14. Since other 

authors’ models are applicable only up to adhesive failure, the statistics for the 

proposed model were provided up to adhesive failure and for the whole deflection 

curve. At the stage up to adhesive failure, all models achieved decent R2 values; 

however, the RMSE values of the proposed model were the lowest. Comparing 

the experimental and analytical deflection (and error statistics) values, it can be 

concluded that while the models by Magnucki et al. and Peng et al. are suitable 

for estimating layered element deflection, the proposed model offers high accu-

racy, a more novel approach by accounting for additional factors influencing laye-

red element behaviour and considers element performance even after adhesive 

interface failure. 

Table 3.14. Error statistics for analytical vs experimental flexural beam behaviour 

Model Error statis-

tics 
P-50 P-80 L1-50 L1-80 L2-50 L2-80 

Proposed 

(up to 

adhesive 

failure) 

R2 0.99 1.00 0.95 0.96 0.97 0.97 

RMSE, mm 
0.12 0.24 0.12 0.14 0.18 0.19 

Mag-

nucki 

et al. 

R2 0.95 0.92 0.93 0.93 0.96 0.97 

RMSE, mm 
0.52 0.48 0.14 0.25 0.19 0.32 

Peng 

et al. 

R2 0.98 0.97 0.99 0.99 0.99 0.99 

RMSE, mm 0.66 0.53 0.18 0.29 0.31 0.39 

Proposed 

(entire 

curve) 

R2 0.97 0.98 0.99 0.73 1.00 1.00 

RMSE, mm 
0.82 0.99 1.97 2.12 0.50 0.37 
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Fig. 3.30. Load–deflection experimental and analytical curves of a) P beams,  

b) L1 beams, and c) L2 beams 
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Slab S-1 primarily experienced significant flexural cracking, which redi-

rected stress concentration away from the interface and into the flexural zone. In 

contrast, slab S-2 showed signs of interface cracking. The analytically determined 

adhesive failure stress for S-2 (0.70 MPa) was close to the experimental value 

(0.66 MPa), indicating that the analytical prediction may accurately represent the 

actual adhesive resistance. Beyond this point, the analytical shear stress remained 

nearly constant, whereas the experimentally obtained shear stress increased by 

approximately a factor of two. Given the relatively low connector ratio combined 

with the high concrete strength, the proposed model assumed that no substantial 

increase in shear stress should occur after adhesive failure. 

The analytically determined differential shrinkage–induced interface shear 

stress was 0.52 MPa and 0.93 MPa for slabs S-1 and S-2, respectively. Notably, 

slab S-2 experienced a higher shrinkage shear stress due to its smaller interface 

area. The higher differential shrinkage shear stress, which reduces the adhesive 

resistance, is also reflected in the analytical shear stress–slip curves, where lower 

shear stress values were predicted for slab S-2. 

Models by other authors (Birkeland & Birkeland, 1966; Committee for the 

Model Code 1990, 1993; ECS, 2006; European Committee for Standardization, 

2023; International Federation for Structural Concrete (fib), 2020; Yang, 2016) 

were also used to predict the interface behaviour. Yang’s model overestimated 

both the interface stress and slip. The first-generation EC2 model captured the 

highest experimental shear stress values, whereas the second-generation EC2, 

MC20, and Birkeland and Birkeland models more closely matched the shear stress 

of initial cracking. In contrast, the MC90 model predicted significantly lower 

shear stress values. Based on the comparison of analytical results (Fig. 3.31) and 

error statistics (Table 3.15), the proposed interface stiffness model offered the 

most suitable combination of accuracy and detail. The model error for slab S-1 

was not determined, since it did not experience interface cracking. 

 

 
Fig. 3.31. Experimental and analytical interface behaviour curves 
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Table 3.15. Error statistics for analytical vs experimental interface behaviour 

Error  

statistics 

Model 

Propo-

sed 
Yang 

MC90 

(smooth) 

Birkeland & 

Birkeland 

Eurocode 2 

(1st gen.) 

Eurocode 2 

(2nd gen.) 

R2 0.70 0.53 0.60 Undefined Undefined Undefined 

RMSE, MPa 0.26 0.98 0.43 0.46 0.71 0.45 

 

Throughout all stages of testing, the interface of slab S-1 maintained its 

structural integrity. Consequently, when applying the proposed flexural stiffness 

model, a constant effective shear stiffness of effG = 14.12 GPa was used in the 

deflection calculations. The corresponding deflection results are shown in Fi-

gure 3.32. Based on both analytical and experimental observations, slab S-2 was 

expected to develop interface cracking. At the onset of interface cracking, the e-

ffective shear stiffness was analytically determined to decrease to 10.15 GPa, and 

this value was adopted for the stage corresponding to the slab’s highest flexural 

capacity. The analytical results obtained using the proposed model were in close 

agreement with the experimental measurements. 

Table 3.16. Error statistics for analytical vs experimental flexural slab behaviour 

Model Error statistics S-1 S-2 

Proposed R2 0.99 1.00 

RMSE, mm 6.42 4.92 

Magnucki et al. R2 0.82 1.00 

RMSE, mm 26.41 13.56 

Peng et al. R2 0.80 0.99 

RMSE, mm 57.50 13.63 

 
Fig. 3.32. Experimental and analytical layered slab deflection curves 
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Models by Magnucki et al. (2020) and Peng et al. (2024) were also used for 

the deflection analysis. For slab S-1, both models showed lower accuracy: the 

Magnucki et al. model predicted deflections that were too large after full cracking 

of the bottom layer and too small at the highest load, whereas the Peng et al. model 

underestimated slab deflection at all stages of flexural behaviour. For slab S-2, 

both models performed better overall, although each still produced much higher 

(25–26% higher) deflection values at the highest load level. The main discrepan-

cies between these analytical predictions and the experimental results arise from 

the difficulty of representing layer geometry after cracking. Both models describe 

the general flexural behaviour of layered elements rather than focusing specifi-

cally on layered concrete elements. Additionally, Peng et al.’s model considers 

that a layered element is composed of layers of identical geometries and mecha-

nical characteristics. The averaging of layer properties causes additional inaccu-

racy in analytical calculations. The Magnucki et al. model does not incorporate 

interface stiffness, while the Peng et al. model, although it does include it, requires 

the use of a monolithic effG  due to the absence of an analytical procedure for 

interface stiffness. Despite these limitations, the influence of interface behaviour 

was less critical in these deflection calculations, as failure ultimately occurred in 

the normal section. The error statistics for all tested flexural stiffness models are 

presented in Table 3.16.  Ultimately, it can be stated that the proposed flexural 

model was more accurate and more suitable for the analysis of layered concrete 

slabs. 

The proposed flexural stiffness model was also tested against experimen-

tal results for a layered slab tested by other authors, i.e., Ibrahim et al. (2019) 

(Fig. 3.33). The presented deflection values were measured and calculated at 

the slab midspan. At all 3 flexural behaviour stages, the flexural model was 

able to reproduce a similar flexural behaviour to the experimental one and nu-

merical analysis behaviour, determined in the dissertation’s Section 2.3. At a 

load level of 25 kN, an interlayer slip occurred, which was explicitly accounted 

for in the proposed model. Throughout the test, the interface shear stiffness 

modulus varied from 13.03 GPa to 0.65 GPa. Models by Magnucki et al. 

(2020) and Peng et al. (2024) were employed up to a load of 25 kN, at which 

the interface adhesive failure occurs. As these models do not consider variable 

interface shear stiffness, the predicted deflections at this stage were lower than 

the experimental values. Furthermore, post-adhesive failure behaviour could 

not be evaluated using these models, as they do not provide solutions for in-

terface behaviour at the following stage. It can be stated that the proposed 

model was more capable for this analysis. The error statistics for these models 

are provided in Table 3.17. 
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Table 3.17. Error statistics for analytical vs experimental flexural slab behaviour 

Error statis-

tics 

Model 

Proposed (up to 

adhesive failure) 

Magnucki 

et al. 
Peng et al. 

Proposed (en-

tire curve) 

R2 0.94 0.94 0.94 0.97 

RMSE, mm 0.91 0.54 0.91 0.86 

 

 
Fig. 3.33. Load–deflection experimental, numerical and analytical curves  

of Ibrahim et al. specimen 
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connectors made of alternative materials. 

3.5. Conclusions of the Third Chapter  

The experimental and analytical research of layered concrete elements can be con-

cluded by the following points: 

1. The experimental push-off specimen results showed that the connector 
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2. The connector arrangement with two connectors inclined toward each 

other resulted in the smallest interface crack width, likely due to the rest-

raint it provides against interface bending. Interfaces formed with shear 

keys achieved shear resistance values 3.1–3.5 times higher than those of 

smooth interfaces. 

3. The experimental results of layered beams showed that beams with the 

interface connector arrangement consisting of one perpendicular co-

nnector and one connector inclined in the direction of the shear force 

exhibited the highest interface shear resistance (as in the push-off speci-

mens) and, consequently, the highest flexural capacity. This confirms the 

same connector inclination principle observed in the push-off tests. 

4. Layered beam tests determined that the connector arrangement also inf-

luenced the cracking pattern. Beams with stronger interfaces (resulting 

from their connector configuration) developed more pronounced flexural 

cracking prior to interface failure, whereas beams with weaker interfaces 

exhibited the opposite pattern. 

5. Beams with a thicker bottom layer demonstrated higher interface resis-

tance and greater flexural capacity. This resulted from the increased 

flexural stiffness of such beams, as the bottom layer had higher concrete 

strength and occupied a larger portion of the cross-section. 

6. Layered concrete slabs with void formers failed in the normal section; 

however, interface cracking and interlayer slip were also observed. 

7. The proposed analytical approach was validated against experimental and 

numerical analysis results and showed better agreement than existing mo-

dels from the literature. The predicted interface shear stress–slip rela-

tionships and load–deflection curves closely matched the tests, demonst-

rating the approach to be effective for analysing layered concrete 

elements under bending. The statistical evaluation of the interface 

stiffness model yielded R² values of 0.62–0.98 and RMSE values of 0.07–

0.78 MPa, while for the flexural stiffness model, R² ranged from 0.73–

1.00 and RMSE from 0.37–6.42 mm. 
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General Conclusions 

The research presented in this dissertation can be summarised by the following 

conclusions: 

1. This dissertation emphasises that interface shear stiffness must be con-

sidered when analysing layered concrete elements under bending. Exist-

ing interface shear stiffness models are limited in number, do not account 

for multiple interface behaviour stages or differential shrinkage. Further-

more, many flexural stiffness models neglect the partial interface shear 

connection. 

2. A novel interface shear stiffness model has been developed. The model 

describes the interface shear stress–slip relationship across four stages of 

interface behaviour, considers differential shrinkage effect and many in-

terface properties like concrete strength, connector strength and ratio, in-

terface roughness and more. For additional shrinkage-induced interface 

shear stress, a dedicated differential shrinkage model was also developed. 

3. A novel flexural stiffness model, based on the built-up layers theory, was 

created for layered elements under bending. Its main advantages include 

the ability to account for interface shear stiffness. The varying interface 

shear stiffness values required in the model are determined using the pro-

posed interface shear stiffness model. 



110 GENERAL CONCLUSIONS 

 

4. A numerical finite element model of a layered slab with void formers was 

developed. The results indicated that deformation at the interface alters 

the distribution of normal and shear stresses in the element, reducing 

composite action between layers and promoting cracking. Stress concen-

trations were found to be higher near the void regions and lower in the 

concrete webs. 

5. The experimental test results of push-off specimens concluded that con-

nector inclination and interface roughness (geometry) have a significant 

impact on interface shear resistance and stiffness. A general rule for con-

crete interfaces regarding connector arrangement was established: the 

greater the connector inclination in the direction of the interface shear 

force, the higher the resulting interface shear resistance and stiffness. 

6. Experimental results of layered concrete beam tests showed that, simi-

larly to push-off specimens, interfaces with connectors most inclined in 

the direction of the shear force achieved the highest interface shear re-

sistance and stiffness. This resulted in the greatest beam flexural capacity 

and stiffness. Beams with stronger interfaces exhibited more pronounced 

flexural cracking, whereas beams with weaker interfaces showed less 

cracking. Additionally, beams with thicker bottom layers demonstrated 

greater flexural capacity and stiffness. 

7. It was determined, that experimental layered concrete slabs with void for-

mers failed in a normal section. However, during the tests, interface 

cracking and layer slip were also observed. 

8. The proposed analytical approach was verified through comparison with 

experimental and numerical analysis results and demonstrated closer 

agreement than the existing models available in the literature. The pre-

dicted interface shear stress–slip relationships and deflection values 

closely reflected the experimental behaviour, confirming that the ap-

proach is effective for analysing layered concrete elements subjected to 

bending.



 

111 

 
References 

Abbasnia, R., Godossi, P., & Ahmadi, J. (2005). Prediction of restrained shrinkage based 

on restraint factors in patching repair mortar. Cement and Concrete Research, 35(10), 

1909‒1913. https://doi.org/10.1016/j.cemconres.2004.11.020  

Abu-Abaileh, A., & Soltani, M. (2026). Nonlinear finite element analysis of interface 

shear transfer in various testing methods. ACI Structural Journal, 123(1), 61‒74. 

https://doi.org/10.14359/51746757  

ACI Committee 318. (2014). Building code requirements for structural concrete (ACI 

318-14): An ACI standard; commentary on building code requirements for structural con-

crete (ACI 318R-14). American Concrete Institute. 

Anderson, A. R. (1960). Composite designs in precast and cast-in-place concrete. Prog-

ressive Architecture, 41(9), 172–179. 

Andrew, R. M. (2019). Global CO2 emissions from cement production, 1928-2018. Earth 

System Science Data, 11(4), 1675–1710. https://doi.org/10.5194/essd-11-1675-2019  

AVI. (2025). Lattice girders GT. https://avi.at/en/products/lattice-girders-gt/  

Barbosa, A. R., Trejo, D., & Nielson, D. (2017). Effect of high-strength reinforcement 

steel on shear friction behavior. Journal of Bridge Engineering, 22(8), 04017038. 

https://doi.org/10.1061/(asce)be.1943-5592.0001015  

Beushausen, H., & Alexander, M. G. (2007). Localised strain and stress in bonded con-

crete overlays subjected to differential shrinkage. Materials and Structures, 40(2), 189‒

199. https://doi.org/10.1617/s11527-006-9130-z  

https://doi.org/10.1016/j.cemconres.2004.11.020
https://doi.org/10.14359/51746757
https://doi.org/10.5194/essd-11-1675-2019
https://avi.at/en/products/lattice-girders-gt/
https://doi.org/10.1061/(asce)be.1943-5592.0001015
https://doi.org/10.1617/s11527-006-9130-z


112 REFERENCES 

 

Birkeland, P. W., & Birkeland, H. W. (1966). Connections in precast concrete const-

ruction. ACI Journal Proceedings, 63(3), 345–368. https://doi.org/10.14359/7627  

Cao, C., Hu, Z. P., Chai, Y. K., Li, Q. Y., Li, W. L., Pan, H., & Li, Y. F. (2024). Investi-

gations on interface shear-stress transfer behavior of concrete composite slabs with lattice 

girders. KSCE Journal of Civil Engineering, 28(10), 4457–4472. 

https://doi.org/10.1007/s12205-024-2165-2  

Cavaco, E., & Camara, J. (2017). Experimental research on the behaviour of concrete-to-

concrete interfaces subjected to a combination of shear and bending moment. Engineering 

Structures, 132, 278–287. https://doi.org/10.1016/j.engstruct.2016.11.041  

Cheng, D., Reiner, D. M., Yang, F., Cui, C., Meng, J., Shan, Y., Liu, Y., Tao, S., & Guan, 

D. (2023). Projecting future carbon emissions from cement production in developing co-

untries. Nature Communications, 14(1), 8213. https://doi.org/10.1038/s41467-023-

43660-x  

Comité Euro-International du Béton & Fédération Internationale de la Précontrainte. 

(1993). CEB-FIP Model Code 90: Design code (Bulletin No. 213/214). Thomas Telford. 

Crane, C. K. (2010). Shear and shear friction of ultra-high performance concrete bridge 

girders [Doctoral dissertation], Georgia Institute of Technology. 

Daneshvar, D., Behnood, A., & Robisson, A. (2022). Interfacial bond in concrete-to-con-

crete composites: A review. In Construction and Building Materials, 359, 129195. 

https://doi.org/10.1016/j.conbuildmat.2022.129195  

Davaadorj, O., Calvi, P. M., & Stanton, J. F. (2020). Shear stress transfer across concrete-

to-concrete interfaces: Experimental evidence and available strength models. PCI Journal, 

65(4), 87‒111. https://doi.org/10.15554/pcij65.4-04  

DIANA FEA BV. (2017). Tensile Behaviour. DIANA 10.1 user’s manual. https://manu-

als.dianafea.com/d101/MatLib/node89.html  

European Committee for Standardization. (2004). EN 1992-1-1:2004 Eurocode 2: Design 

of concrete structures—Part 1-1: General rules and rules for buildings. CEN. 

Elliott, K. S., & Jolly, C. K. (2014). Multi-storey precast concrete framed structures (2nd 

ed.). Wiley-Blackwell. https://doi.org/10.1002/9781118587379  

European Committee for Standardization. (2023). Eurocode 2: Design of concrete structu-

res – Part 1: General rules and rules for buildings (2nd ed.). CEN. 

Bond, E. (2016). BubbleDeck: Replacing concrete with air. J.H. Findorff & Son Inc. 

https://www.findorff.com/bubbledeck-replacing-concrete-with-air 

Fang, Y., Mao, J., Zhang, Y., Jin, W., Tang, D., & Zhang, J. (2021). Calculation of 

deflection and stress of assembled concrete composite beams under shrinkage and creep 

and its application in member design optimization. KSCE Journal of Civil Engineering, 

25(9), 3458–3476. https://doi.org/10.1007/s12205-021-2092-4  

Fang, Z., Jiang, H., Liu, A., Feng, J., & Li, Y. (2020). Shear-friction behaviour on smooth 

interface between high-strength and lightweight concrete. Magazine of Concrete Re-

search, 72(2), 68‒87. https://doi.org/10.1680/jmacr.17.00393  

https://doi.org/10.14359/7627
https://doi.org/10.1007/s12205-024-2165-2
https://doi.org/10.1016/j.engstruct.2016.11.041
https://doi.org/10.1038/s41467-023-43660-x
https://doi.org/10.1038/s41467-023-43660-x
https://doi.org/10.1016/j.conbuildmat.2022.129195
https://doi.org/10.15554/pcij65.4-04
https://manuals.dianafea.com/d101/MatLib/node89.html
https://manuals.dianafea.com/d101/MatLib/node89.html
https://doi.org/10.1002/9781118587379
https://www.findorff.com/bubbledeck-replacing-concrete-with-air/?utm_source=chatgpt.com
https://doi.org/10.1007/s12205-021-2092-4
https://doi.org/10.1680/jmacr.17.00393


REFERENCES 113 

 

Fasching, S. J., Huber, T., Rath, M., & Kollegger, J. (2021). Semi-precast segmental 

bridge construction method: Experimental investigation on the shear transfer in longitudi-

nal and transverse direction. Applied Sciences, 11(12), 5502. 

https://doi.org/10.3390/app11125502  
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Summary in Lithuanian 

Įvadas 

Problemos formulavimas 

Konstrukciniai elementai, sudaryti iš skirtingu metu betonuotų ir skirtingų medžiagų sa-

vybių betono sluoksnių, yra vadinami sluoksniuotaisiais gelžbetoniniais konstrukciniais 

elementais. Kai yra naudojamas papildomas didelio stiprio betono sluoksnis, palyginti su 

ištisiniais skerspjūviais, šio tipo elementai gali suteikti tokių privalumų kaip mažesnės 

medžiagų sąnaudos, skerspjūvio aukštis, mažesni įlinkiai ir aukštesnė šlyties laikomoji 

galia. Viršutiniai betono sluoksniai taip pat gali būti naudojami stiprinti esamoms konst-

rukcijoms, darant renovaciją tvaresnę - mažinant griovimo darbų mąstą, sutaupant me-

džiagų ir mažinant atliekų kiekį. Taip pat sluoksniuotieji gelžbetoniniai elementai gali būti 

įrengiami su plastikiniais intarpais, kurie mažina konstrukcijos svorį ir betono tūrį, taip 

suteikdami aplinkosauginę naudą dėl sumažinto cemento kiekio ir naudojamų perdirbto 

plastiko gaminių. Sluoksniuotų gelžbetoninių konstrukcijų pavyzdžiai apima liktinio klo-

jinio gelžbetonines plokštes, tiltų sijas ir kiaurymėtąsias gelžbetonines plokštes su viršu-

tiniu betono sluoksniu. Betonas taip pat gali būti betonuojamas etapais dėl įvairių techni-

nių priežasčių. 

Sluoksniuotų gelžbetoninių konstrukcinių elementų darbas priklauso nuo sluoksnių 

jungties charakteristikų. Nepakankama sąveika tarp sluoksnių mažina jungties standumą 

ir sluoksniuotojo elemento lenkiamąjį standumą. Dalyje publikuotų tyrimų (Cavaco & 

Camara, 2017; Foraboschi, 2009; Marčiukaitis et al., 2006) teigiama, kad sluoksniuotų 
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elementų jungtys beveik niekada nėra visiškai standžios ir turėtų būti laikomos dalinio 

standumo elementais dar net prieš apkrovimą.  

Didžioji dalis gelžbetoninių konstrukcijų projektavimo normų ir egzistuojantys teo-

riniai modeliai literatūroje neatsižvelgia į dalinį sluoksnių jungties standumą. Yra siūloma 

vertinti visiškai standžią jungtį ir rekomenduojama tipinė ištisinio skerspjūvio konstrukci-

jos analizė – taip pervertinant sluoksniuotos konstrukcijos lenkiamąjį standumą. Atskirų 

betono sluoksnių nepaisymas sukelia papildomų reikšmingų apribojimų. Ignoruojant skir-

tingas sluoksnių medžiagų savybes ir geometrines charakteristikas, dar labiau didėja len-

kiamojo standumo vertinimo netikslumas. Nepaisant atskirų sluoksnių darbo, negalima 

numatyti individualaus sluoksnių pleišėjimo. Galiausiai, literatūroje pateikti analitiniai 

modeliai nevertina sluoksnių susitraukimo skirtumo efekto, atsirandančio dėl skirtingo be-

tono sluoksnių betonavimo laiko. Šis reiškinys sukelia įtempius jungtyje, kurie sumažina 

jungties stiprumą ir standumą. 

Darbo aktualumas  

Šiame darbe pristatoma betono sluoksnių jungties ir lenkiamųjų sluoksniuotų gelžbetoni-

nių elementų elgsenos analizė. Disertacijoje pateikiami nauji teoriniai modeliai jungties 

atsparumui ir šlyties standumui, sluoksnių susitraukimo skirtumo efektui, lenkiamųjų 

sluoksniuotų elementų standumui, vertinti. Drauge šie modeliai sudaro naują sluoksniuotų 

gelžbetoninių elementų analitinį standumo metodą, atsižvelgiantį į dalinį jungties stan-

dumą. Disertacijoje pateikta eksperimentinė ir skaitinė sluoksniuotų gelžbetoninių ele-

mentų analizė praplečia supratimą apie sluoksniuotų gelžbetoninių elementų elgseną ir jų 

sluoksnių jungtis bei veiksnius, turinčius įtakos jų darbui. Pasiūlyti teoriniai modeliai su-

teikia naujas galimybes analitiškai vertinti tokius elementus. Tinkamai vertinant jungties 

elgseną ir konstrukcijos darbą, gali būti pasiektas saugesnis ir efektyvesnis sluoksniuotų 

gelžbetoninių elementų projektavimas. Galiausiai, yra geriau išnaudojami tokie elementų 

privalumai kaip mažesnės medžiagų sąnaudos, didesnis statybos greitis, aplinkai draugiški 

inžineriniai sprendimai, konstrukcinė ir ekonominė nauda bei kt. 

Tyrimo objektas 

Šio tyrimo objektai ‒ sluoksniuotųjų gelžbetoninių elementų, veikiamų trumpalaike sta-

tine apkrova, elgsenos analizė, sluoksnių jungties šlyties standumo ir sluoksniuotųjų gelž-

betoninių elementų lenkiamojo standumo modeliai. 

Darbo tikslas  

Disertacijoje siekiama sukurti analitinį modelį, skirtą įvertinti sluoksniuotų gelžbetoninių 

elementų lenkiamąjį standumą, atsižvelgiant į sluoksnių jungties savybes ir elgseną. 

Darbo uždaviniai 

Darbo tikslui pasiekti sprendžiami šie uždaviniai: 

1. Atlikti esamų betono sluoksnių jungčių ir sluoksniuotų lenkiamųjų gelžbetoninių 

elementų tyrimų, taip pat teorinių jungčių elgsenos ir sluoksniuotų elementų len-

kiamojo standumo modelių apžvalgą.  
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2. Sukurti analitinį betono sluoksnių jungties elgsenos modelį, vertinantį sluoksnių 

susitraukimo skirtumo efektą. 

3. Sukurti analitinį sluoksniuoto gelžbetoninio elemento lenkiamojo standumo mo-

delį, vertinantį sluoksnių jungties dalinį standumą. 

4. Atlikti sluoksniuotos gelžbetoninės plokštės su plastiko intarpais skaitinę ana-

lizę. 

5. Atlikti eksperimentinius betono sluoksnių jungčių, sluoksniuotų gelžbetoninių 

sijų ir sluoksniuotų gelžbetoninių plokščių tyrimus. 

6. Atlikti siūlomų teorinių modelių validaciją, lyginant analitinių skaičiavimų re-

zultatus su eksperimentinės ir skaitinės analizės rezultatais. 

Tyrimų metodika 

Siekiant ištirti tyrimo objektą parinkti šie metodai: 

− teoriniai metodai: sukurti teoriniai betono sluoksnių jungties ir lenkiamojo 

sluoksniuoto gelžbetoninio elemento elgsenos modeliai. Taip pat sukurtas skaiti-

nis lenkiamojo sluoksniuoto gelžbetoninio elemento modelis; 

− eksperimentiniai metodai: atlikti eksperimentiniai betono sluoksnių jungčių ir 

lenkiamųjų sluoksniuotų gelžbetoninių elementų bandymai; 

− statistikos metodai: išvados padarytos renkant, analizuojant ir aiškinant statisti-

nius duomenis. 

Darbo mokslinis naujumas 

Teorinių ir eksperimentinių sluoksniuotų gelžbetoninių konstrukcinių elementų tyrimų 

mokslinio naujumo aspektai: 

1. Sukurti nauji analitiniai skaičiavimo modeliai, betono sluoksnių jungties standu-

mui ir šlyties atsparumui, taip pat sluoksniuotų gelžbetoninių elementų su dalinai 

standžiomis jungtimis lenkiamajam standumui, vertinti. 

2. Sukurtas naujas teorinis modelis, skirtas sluoksnių susitraukimo skirtumo defor-

macijai ir dėl šio efekto susidariusiam šlyties įtempiui, turinčiam įtaką jungties 

darbui, nustatyti. 

3. Gauti nauji duomenys apie veiksnius, darančius įtaką betono sluoksnių jungčių 

ir lenkiamųjų sluoksniuotų gelžbetoninių elementų standumui ir stiprumui, kartu 

su šių elementų pleišėjimo ir irimo pobūdžio analize.  

4. Gauti nauji duomenys apie sluoksniuotų gelžbetoninių elementų skaitinio mode-

liavimo procesus ir analizę. 

Darbo rezultatų praktinė reikšmė 

Teorinių ir eksperimentinių sluoksniuotų gelžbetoninių elementų tyrimų praktinės reikš-

mės aspektai: 
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1. Naujas teorinis skaičiavimo modelis, kuris gali būti naudojamas projektuojant 

sluoksniuotas betonines jungtis. Naudojant modelį galima parinkti efektyviau-

sias medžiagų savybes ir užkirsti kelią būdingiems jungties yrimo būdams. 

2. Naujas sluoksnių susitraukimo skirtumo modelis, kuris gali būti naudojamas į-

vertinti šio efekto poveikiui betono jungčių galiai ir standumui. 

3. Naujas teorinis sluoksniuotų konstrukcijų modelis, kuris gali būti naudojamas 

projektuojant lenkiamus sluoksniuotus gelžbetoninius elementus su dalinai stan-

džiomis jungtimis. Faktinio jungties standumo vertinimas padeda tiksliau nusta-

tyti lenkiamąjį sluoksniuoto gelžbetoninio elemento standumą. 

4. Eksperimentiniai betoninių sluoksnių jungčių ir sluoksniuotų lenkiamų elementų 

bandymų rezultatai suteikia žinių apie konstrukcijų yrimo, pleišėjimo būdus, taip 

pat medžiagų savybių ir kitų veiksnių įtaką sluoksniuotų elementų elgsenai. 

5. Naudojant šiame darbe pateiktus analizės duomenis, galima efektyviau išnaudoti 

sluoksniuotų elementų privalumus, įskaitant mažesnes medžiagų sąnaudas, ma-

žesnę statybos darbų trukmę, aplinkai draugiškus inžinerinius sprendimus, 

konstrukcinę, ekonominę naudą ir kt. 

Ginamieji teiginiai 

1. Siūlomu betono sluoksnių jungties elgsenos analizės metodu tiksliai numatoma 

jungties šlyties įtempio ir sluoksnio pasislinkimo priklausomybė keturiomis 

jungties darbo stadijomis. Iš žinomų šlyties įtempio ir atitinkamo sluoksnio pa-

sislinkimo reikšmių galima nustatyti tikslią jungties šlyties standumo modulio 

vertę. 

2. Siūlomas sluoksnių susitraukimo skirtumo efekto modelis tiksliai vertina sluoks-

nių susitraukimo skirtumo deformacijas ir šio efekto sukeltus jungties šlyties į-

tempius. 

3. Siūlomas analitinis metodas, atsižvelgiantis į dalinį jungties standumą, tiksliai 

vertina sluoksniuoto lenkiamo gelžbetoninio elemento įlinkį prie skirtingų jung-

ties standumo reikšmių ir konstrukcijos apkrovimo stadijų. 

Darbo rezultatų aprobavimas  

Disertacijoje atlikti tyrimai publikuoti 5 moksliniuose straipsniuose: 4 ‒ žurnaluose, in-

deksuojamuose WoS.  

Tyrimų rezultatai paskelbti 3 mokslinėse konferencijose, iš kurių 2 buvo tarptautinės: 

‒ 25oje Jaunųjų mokslininkų konferencijoje „Mokslas – Lietuvos ateitis“, 2021 m., 

Vilniuje, Lietuvoje. 

‒ MBMST 2023: „14th International Conference Modern Building Materials, 

Structures and Techniques“, 2023 m., Vilniuje, Lietuvoje. 

‒ ICCEFA 2024: „5th International Conference on Civil Engineering Fundamen-

tals and Applications“, 2024 m., Lisabonoje, Portugalijoje.  
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Disertacijos struktūra 

Disertaciją sudaro įvadas, trys skyriai, bendrosios išvados, literatūros sąrašas, autoriaus 

publikacijų disertacijos tema, sąrašas. Disertacijos apimtis (be priedų) – 136 puslapiai. 

Darbe pateiktos 139 lygtys, 91 paveikslas, 22 lentelės ir 102 literatūros šaltiniai. 

Padėka 

Darbo autorius nuoširdžiai dėkoja savo vadovui, Gelžbetoninių konstrukcijų ir geotechni-

kos katedros vedėjui, prof. dr. Juozui Valivoniui už pagalbą, vertingus patarimus, daliji-

mąsi žiniomis ir skatinimą viso šio tyrimo metu. 

Autorius dėkoja ir tiems, kurie padėjo eksperimentinių tyrimų etape: Statybinių 

konstrukcijų ir geotechnikos laboratorijos vedėjui Gintarui Jurkėnui, taip pat dr. Alek-

sandr Sokolov, Lolitai Kairytei, Juozui Gervei, Aleksandr Zajac, Grigorij Kuksov ir Lukui 

Ravnialičevui už neįkainojamą techninę pagalbą. Taip pat kolegoms doktorantams už jų 

bendradarbiavimą, Statybos fakulteto dekanui doc. dr. Remigijui Šalnai už palaikymą. 

Padėka kolegoms iš Lisabonos NOVA universiteto, kur buvo atlikta mokslinė sta-

žuotė ir disertacijos pristatymas. Ypatingas ačiū dr. Eduardo Cavaco ir kolegoms dokto-

rantams Barbara Gomes ir Peiman Ghaderi už dosnų pasidalinimą žiniomis apie sluoks-

niuotų betoninių elementų mechaniką, skaitmeninį modeliavimą ir gelžbetoninių 

konstrukcijų elgseną. 

Dalis disertacijos tyrimų buvo atlikti įgyvendinant projektą „Misijomis grįstų 

mokslo ir inovacijų programų įgyvendinimas“ Nr. 02-002-P-0001, finansuojamą Ekono-

mikos gaivinimo ir atsparumo didinimo plano „Naujos kartos Lietuva“ lėšomis. 

Galiausiai autorius dėkoja savo šeimai – tėvams už paskatinimą rinktis doktorantūros 

studijas, žmonai Viktorijai ir vaikams už ramybę, nuolatinį palaikymą, suteiktą galimybę 

tęsti mokslus ir asmeniškai tobulėti. 

1. Sluoksniuotųjų gelžbetoninių elementų su dalinai 
standžiomis sluoksnių jungtimis lenkiamojo standumo analizė 

Pirmajame disertacijos skyriuje atlikta literatūros šaltinių disertacijos tema apžvalga. Sky-

riaus pabaigoje apibrėžtas disertacijos tikslas bei iškelti darbo uždaviniai, aptarta sluoks-

nių jungties elgsenos specifika. Nurodyti veiksniai, lemiantys jungties atsparumą šlyčiai 

ir šlyties standumą. Taip pat analizuoti jau publikuoti jungties elgsenos analitiniai mode-

liai. Nustatyta, kad didžioji dalis jungties modelių vertina tik jungties atsparumą šlyčiai, 

tačiau šioje disertacijoje tiriamas jungties šlyties standumas. Išanalizavus literatūroje pa-

teiktus jungties šlyties standumo modelius, padaryta išvada, kad esamų modelių kiekis yra 

nepakankamas, modeliai retai vertina kelias jungties darbo stadijas, kintančią skirtingų 

šlyties mechanizmų įtaką. Nustatyta, kad modeliai nevertina sluoksnių susitraukimo skir-

tumo efekto. Iškeltas tikslas sukurti naują betono sluoksnių jungties šlyties standumo mo-

delį, vertinantį prieš tai minėtus aspektus.  

Šiame skyriuje pristatyti realiomis inžinerinėmis sąlygomis aptinkami, sluoksniuotų 

lenkiamų gelžbetoninių elementų pavyzdžiai ir jų elgsenos specifika. Taip pat atlikta 

sluoksniuotų gelžbetoninių elementų eksperimentinių tyrimų analizė, pateikta literatūroje. 



126 SUMMARY IN LITHUANIAN 

 

Padaryta išvada, kad norint tinkamai vertinti sluoksniuotų gelžbetoninių elementų lenkia-

mąjį darbą, privaloma vertinti sluoksnių jungties standumą ir kitas savybes. Galiausiai, 

išanalizuoti analitiniai sluoksniuotų gelžbetoninių konstrukcijų lenkiamojo standumo mo-

deliai. Nustatyta, kad didžioji dalis modelių nevertina sluoksnių jungties standumo arba 

nepateikia analitinės metodikos šiam dydžiui nustatyti. Taip pat modeliai neteisingai ver-

tina atskirų sluoksnių charakteristikas. Iškeltas tikslas sukurti naują sluoksniuotų gelžbe-

toninių konstrukcijų lenkiamojo standumo modelį, vertinantį jungties standumą ir atskirų 

sluoksnių geometrines bei medžiagų savybes. 

2. Betoninių sluoksnių jungčių ir lenkiamų sluoksniuotų 
gelžbetoninių elementų standumo vertinimo modeliai 

Antrajame skyriuje pristatytas analitinis metodas, kuriuo nustatomas lenkiamojo sluoks-

niuotojo gelžbetoninio elemento įlinkis, vertinant dalinį jungties standumą. Metodas susi-

deda iš dviejų etapų.  

Pirmajame etape naudojamas autoriaus sukurtas jungties elgsenos modelis, kuriuo 

nustatoma jungties šlyties įtempių ir sluoksnių pasislinkimo priklausomybė prie skirtingų 

jungties elgsenos stadijų. Taip pat, naudojantis autoriaus pasiūlytų sluoksnių susitraukimo 

skirtumo modeliu, nustatomi šio efekto sukelti papildomi jungties šlyties įtempiai. Žinant 

jungties šlyties įtempių ir sluoksnių pasislinkimo vertes, nustatomas jungties šlyties stan-

dumo modulis prie skirtingų jungties elgsenos stadijų. Antrame etape pristatomas analiti-

nis metodas, kuriuo nustatomas sluoksniuotos konstrukcijos įlinkis prie skirtingų apkro-

vimo etapų. Taip pat svarbu paminėti, kad šiame modelyje naudojama kintanti, pagal 

anksčiau aprašytą metodiką nustatyta, jungties šlyties standumo vertė. Šioje santraukoje 

pateikiami bendrieji pasiūlytų analitinių metodų principai.  

Analitinis jungties šlyties standumo modelis sukurtas atlikus literatūroje pateiktų 

eksperimentinių jungties šlyties tyrimų analizę (Barbosa et al., 2017; Crane, 2010; Fang 

et al., 2020; Figueira et al., 2016; Júlio et al., 2010; Liu et al., 2019, 2021; Mohamad & 

Ibrahim, 2015; Scott, 2010; Semendary et al., 2020; Shaw & Sneed, 2014; Sneed et al., 

2016) ir pritaikius projektavimo normų rekomendacijas (European Committee for Stan-

dardization, 2023; International Federation for Structural Concrete (fib), 2020). Jungties 

šlyties įtempių- sluoksnių pasislinkimo priklausomybės kreivė susideda iš 4 jungties darbo 

stadijų (S2.1 pav.).  

Kiekvienai stadijai būdingas skirtingų šlyties mechanizmų dominavimas, taip pat 

skirtinga jungties medžiagų geometrinių savybių įtaka. Pirmoje stadijoje adhezija tarp 

sluoksnių priešinasi jungties šlyčiai. Taške A  prasideda jungties pleišėjimas. Šlyties  

įtempių ir sluoksnių pasislinkimo lygtys pirmoje stadijoje (S2.1 ir S2.2 lygtys): 

 ,0.2A ctf =  ( )2.1S  

 0.01 0.05  ,As mm=   ( )2.2S  

čia  – koeficientas, vertinantis jungties atstumą nuo kompozitinio skerspjūvio svorio 

centro, ctf – tempiamasis betono stipris. 
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S2.1 pav. Jungties analitinio modelio šlyties įtempių-sluoksnių pasislinkimo  

priklausomybės kreivė 

Antroje stadijoje jungtis yra pradėjusi pleišėti. Taške B  galutinai prarandama adhe-

zija ir mikro trintis tarp sluoksnių – jungties plyšys išsivysto per visą jungties plokštumą. 

Šlyties įtempių ir sluoksnių pasislinkimo lygtys antroje stadijoje (S2.3 ir S2.4 lygtys): 

 ( ) ,0.5B fr dw sh    = + −  ( )2.3S  

 

2.08

2.08 ,106 18
y

B c
c

f
s f

f


−  

= +  
 

 ( )2.4S  

čia  – koeficientas, vertinantis jungties betono stiprio ir jungties inkarų įtempių santykį, 

fr – jungties trinties šlyties įtempiai, dw  – jungties kaiščio efekto įtempiai, sh ‒ sluoks-

nių susitraukimo skirtumo sukelti šlyties įtempiai, cf – betono gniuždomasis stipris, yf – 

inkarų takumo įtempiai,  – jungties inkarų santykis. 

 Trečioji stadija yra pereinamoji stadija prie jungties inkarų darbu paremtų šlyties 

mechanizmų. Šlyties įtempių ir sluoksnių pasislinkimo lygtys trečioje stadijoje (S2.5 ir 

S2.6 lygtys): 

 ( )0.5 ,C fr dw   = +  ( )S2.5  

 
0.28 1.42.3 0.00003 ,C c ss f A−= −  ( )S2.6  

čia sA  – bendras jungties inkarų skerspjūvio plotas. 

Ketvirtoje stadijoje trintis ir kaiščio efektas priešinasi jungties šlyčiai. Šlyties įtem-

pių ir sluoksnių pasislinkimo lygtys ketvirtoje stadijoje (S2.7 ir S2.8 lygtys): 

 ( )0.5 ,D fr dwD   = +  ( )S2.7  
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 6 mmDs =  ( )S2.8  

čia D – koeficientas vertinantis inkarų darbą ketvirtoje stadijoje. 

Šiame darbe taip pat pristatomas analitinis modelis, įvertinantis sluoksnių susitrau-

kimo skirtumo sukeltus šlyties įtempius sh . Modelis sukurtas remiantis sluoksnių susit-

raukimo skirtumo efekto tyrimais (Abbasnia et al., 2005; Elliott & Jolly, 2014; Lampro-

poulos et al., 2014; Vinkler & Vítek, 2019). Jėgų ir momentų pasiskirstymas 

sluoksniuotame elemente dėl susitraukimo matomas S2.2 pav. Skaičiais 1 ir 2 žymimi 

pirmasis ir antrasis betono sluoksniai. Priimtas susitraukimo deformacijų pasiskirstymas 

skerspjūvyje parodytas S2.3 pav.  

Priimtos modelio prielaidos: 

− Pirmas sluoksnis patiria traukumą prieš ir po antrojo sluoksnio betonavimo, 

− Kai pirmojo sluoksnio armatūra yra sluoksnio aukščio viduryje, sluoksnio trau-

kumo deformacija per visą jo aukštį yra vienoda. 

− Sluoksnių jungtis yra suvaržyta ir traukumo deformacijos jungties apačioje ir vir-

šuje (pirmo sluoksnio viršuje ir antro sluoksnio apačioje) yra vienodos. 

− Antrojo sluoksnio viršus yra mažiau suvaržytas ir patiria traukumą. 

− Betone esanti išilginė armatūra varžo traukumo deformacijas. 

 

 

S2.2 pav. Sluoksnių traukumo skirtumo sukeltų įrąžų pasiskirstymas skerspjūvyje 

 

S2.3 pav. Sluoksnių traukumo skirtumo deformacijų pasiskirstymas skerspjūvyje 
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Sluoksnių susitraukimo skirtumo sukelti šlyties įtempiai apskaičiuojami pagal lygtį 

S2.9: 

 ,v
sh

F

lb
 =  ( )S2.9  

čia vF  – sluoksnių susitraukimo skirtumo sukelta šlyties jėga jungtyje, l – jungties ilgis, 

b – jungties plotis.  

Sluoksnių susitraukimo skirtumo deformacija yra nustatoma pagal lygtį S2.10: 

 2. 1.  ,s y t  = −  ( )S2.10  

čia 2.y  – susitraukimo deformacija antrojo sluoksnio svorio centre, 1.t – susitraukimo 

deformacija pirmojo sluoksnio viršuje. 

Galiausiai, atlikus jungties elgsenos analizę  (žinant jungties šlyties įtempių ir sluoks-

nių pasislinkimo vertes ir įvertinus sumažėjusį šlyties atsparumą dėl traukumo), skirtingo-

mis jungties elgsenos stadijomis, nustatomas kintantis jungties šlyties standumo modulis 

pagal lygtį S2.11: 

 ( ) ,effG s
s


=  ( )S2.11  

čia  – jungties šlyties įtempiai atitinkamoje elgsenos stadijoje, s – sluoksnių pasislinki-

mas toje pačioje elgsenos stadijoje.  

Antroje sluoksniuotos konstrukcijos analizės stadijoje, naudojantis sudėtinių sluoks-

nių teorija pagrįstu standumo modeliu, nustatomos elemento įlinkių reikšmės prie skir-

tingų jungties standumo verčių ir konstrukcijos apkrovimo stadijų. Pagal lygtį S2.12 nus-

tatomas įlinkis: 

 
( )

( )

2

2

cosh 0,5 11
,

8 cosh 0,5eff eff

ll
w M

E I D l



 

    −
 = +   
    
    

 ( )S2.12  

 , =  ( )S2.13  

 ,
eff

eff

bG

z
 =  ( )S2.14  

čia M – lenkiamasis momentas, l – tarpatramis, eff effE I , 
1

D
 ir  ‒ kompozitinį konst-

rukcijos standumą apibudinantys dydžiai,  ir  – jungties šlyties standumą apibudinan-

tys dydžiai, b – jungties plotis, effz – atstumas tarp sluoksnių svorio centrų. 
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Šiame skyriuje taip pat atlikta skaitinė sluoksniuotos plokštės su plastiko intarpais 

analizė. Plokštės skaičiuotinė schema parodyta S2.4 pav. Plokštės skaitinis modelis pa-

vaizduotas S2.5 pav. Modelis išdalintas 20 mm trimačiais baigtiniais elementais. Betono 

gniuždomosios savybėms naudotas Thorefeldt modelis (TNO DIANA BV, 2015), o tem-

pimui apibudinti – trapaus irimo kreivė (DIANA FEA BV, 2017). Armatūros fizinėms 

savybėms aprašyti taikomas Von Mises plastiškumas. Sluoksnių jungčiai naudotas tamp-

rios elgsenos modelis. Netiesinė analizė atlikta arkos ilgio metodu. Plokštė apkrauta ke-

liomis apkrovimo stadijomis (A-F). 

 

 

S2.4 pav. Sluoksniuotos plokštės skaičiuotinė schema 

 

S2.5 pav. Sluoksniuotos plokštės skaitinis modelis 

Analizės rezultatai parodė, kad jungties deformacija lemia normalinių įtempių per-

siskirstymą konstrukcijos skerspjūvyje ir šlyties įtempių perskirstymą sluoksnių jungtyje, 

konstrukcijos sluoksniai pradeda veikti individualiau ir tai lemia suintensyvėjusį sluoks-

nių pleišėjimą normaliniame pjūvyje. Jungties šlyties įtempių pasiskirstymas pavaizduo-

tas S2.6a pav., o normalinių įtempių pasiskirstymas viename iš analizuotų pjūvių pavaiz-

duotas S2.6b pav. Taip pat didesnė normalinių įtempių koncentracija pastebėta zonose, 

esančiose šalia tuštumų, kurias suformuoja plastikiniai intarpai. Mažesnės įtempių reikš-

mės nustatytos betoninėse sienelėse tarp tuštumų. S2.7 pav. matomos eksperimentinės ir 

skaitinės analizės metu nustatytos plokštės įlinkių kreivės. 
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S2.6 pav. Įtempių pasiskirstymas: a) šlyties įtempiai jungtyje, b) normaliniai įtempiai skerspjūvyje 

 

S2.7 pav. Eksperimentinė ir skaitinė įlinkių kreivės 

3. Eksperimentiniai sluoksniuotų gelžbetoninių elementų su 
dalinai standžiomis sluoksnių jungtimis tyrimai 

Trečiajame skyriuje aprašyti eksperimentiniai sluoksniuotų elementų bandymai ir atlikta a-

nalitinių modelių validacija. Išbandyta 17 eksperimentinių sluoksnių jungties bandinių. 

Bandiniai skyrėsi jungties geometrija (lygi ir spraustelių jungtis) ir jungties inkarų išdės-

tymu (statmeni inkarai, pasvirę). Bandinių geometrija pavaizduota S3.1 pav. Nustatyta, 

kad lygi jungtis turi 3,1‒3,5 kartų mažesnį atsparumą šlyčiai už spraustelių jungtį. Taip 

pat nustatyta, kad kuo labiau jungties inkarai pasvirę šlyties jėgos kryptimi, tuo pasiekia-

mas didesnis jungties šlyties atsparumas ir standumas (L2 konfigūracija pademonstravo 

didžiausią atsparumą ir standumą). Analizėje pastebėta, kad vienos jungties inkarų išdės-

tymo konfigūracijos lemia siauresnį jungties plyšį (siauriausias plyšys nustatytas prie L1 

konfigūracijos), kitos – mažiau suvaržo plyšio plotį. S3.2 pav. pavaizduotos keturių skir-

tingų tipų bandinių (savo kategorijoje pademonstravusių artimiausias vidutinėms reikš-

mes) jungties šlyties įtempių-sluoksnių pasislinkimo kreivės. 

 

a) b) 
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S3.1 pav. 4 tipų betoninių sluoksnių jungčių eksperimentinių tyrimų bandiniai 

 

S3.2 pav. 4 tipų betoninių sluoksnių jungčių šlyties įtempių- sluoksnių pasislinkimo kreivės 

Šiame skyriuje taip pat pristatyti 6 sluoksniuotų sijų eksperimentiniai bandymai. Si-

jos skyrėsi jungties inkarų išdėstymu (statmeni inkarai, pasvirę) ir sluoksnių storio santy-

kiu. Sijų geometrija pavaizduota S3.3 pav. Nustatyta, kad inkarų išdėstymo konfigūracija 

lemia jungties laikomąją galią ir lenkiamojo elemento laikomąją galią. Labiausiai jungties 

šlyties jėgos kryptimi pasvirę inkarai lemia didžiausią konstrukcijos atsparumą (L2 tipo 

inkarų išdėstymas). Inkarų išdėstymas taip pat lemia ir konstrukcinio pleišėjimo pobūdį. 

Šioje analizėje taip pat nustatyta, kad sijos su storesniu pirmuoju sluoksniu pasiekia aukš-

tesnę laikomąją galią. S3.4 pav. pateiktos visų sijų įlinkių kreivės. 
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S3.3 pav. 6 sluoksniuotųjų sijų geometrija  

 

S3.4 pav. Sluoksniuotų sijų įlinkių kreivės 

Šiame skyriuje pateikti eksperimentiniai surenkamųjų – monolitinių plokščių su 

plastiko intarpais rezultatai. Išbandytos dviejų skirtingų tarpatramių plokštės. Sijų geo-

metrija pavaizduota S3.5 pav. Nustatyta, kad tarpatramio ilgis lemia pleišėjimo, irimo 

pobūdį. Ilgesnioji plokštė (S-1) patyrė irimą normaliniame pjūvyje, o trumpesnioji (S-2) – 

ir normaliniame pjūvyje ir sluoksnių jungtyje. Trumpesniojoje plokštėje nustatytas sluoks-

nių pasislinkimas. S-1 plokštės bandymas nutrauktas ties 142,8 kN apkrova dėl itin didelio 

įlinkio (152,8 mm). S-2 plokštės bandymas nutrauktas dėl yrimo gniuždomojoje zonoje. 

Didžiausia plokštės laikomoji galia buvo 335,4 kN, atitinkanti 137,8 mm įlinkį. 
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S3.5 pav. Sluoksniuotųjų plokščių su plastiko intarpais bandymo schemos:  

a) S-1 plokštė, b) S-2 plokštė 

Santraukoje pateikiama autoriaus pasiūlytų analitinių metodų validacija, vaizduojant 

analitinių skaičiavimų rezultatų lyginimą su P tipo sluoksniuotųjų sijų (S3.3 pav.) ekspe-

rimentiniais rezultatais. Pagrindinėje disertacijos dalyje naujų modelių validacija išsa-

mesnė. S3.6 pav. pateiktos eksperimentinės ir analitinės jungties elgsenos kreivės. Ma-

tome, kad analitiškai nustatytos kreivės artimos eksperimentinėms. Pasiūlytu modeliu 

gauti analitiniai rezultatai buvo artimesni eksperimentiniams ir detaliau atvaizduojantys 

eksperimentinę kreivę negu kiti modeliai iš literatūros. Modelio tikslumas P-50 sijai: R2 – 

0,94 ir RMSE – 0,07 MPa. Modelio tikslumas P-80 sijai: R2 – 0,75 ir RMSE – 0,16 MPa. 

Kitais modeliais gautos R2 reikšmės svyravo 0,13‒0,46 ir RMSE buvo intervale 0,24‒

0,77 MPa.  

S3.1 lentelėje parodytos sluoksnių traukumo skirtumo metodu nustatytas traukumo 

ir jungties traukumo šlyties įtempių vertės. Naudojantis analitinėmis šlyties įtempių ir 

sluoksnių pasislinkimo reikšmėmis, nustatomas šlyties standumo modulis skirtingomis 

jungties darbo stadijomis (S3.2 lentelė). 0, A, B, C, D žymi jungties elgsenos stadijų taš-

kus. Galiausiai, naudojantis sluoksniuoto elemento įlinkio skaičiavimo metodu, vertinant 

kintančias šlyties standumo modulio reikšmes ir koreguojant konstrukcijos skerspjūvio 

geometrines charakteristikas, kintančias dėl sluoksnių pleišėjimo, nustatoma analitinės 

sluoksniuotų sijų apkrovos-įlinkio kreivės (S3.7 pav.).  

Matoma, kad analitiniai rezultatai artimi eksperimentiniams. Šioje validacijoje nau-

dojami ir kitų autorių sluoksniuotojo elemento lenkiamojo standumo vertinimo modeliai. 

Galima teigti, kad Magnucki et al. (2020) modelis yra tinkamas tik iki jungties adhezijos 

praradimo stadijos, nes nevertina jungties standumo. Tuo tarpu, Peng et al. (2024) modelis 

vertina jungties standumą, tačiau nepateikia jungties standumo reikšmių nustatymo meto-

dikos. Dėl priimto monolitinio jungties standumo naudojantis šiais modeliais, prie jungties 

adhezijos praradimo apkrovos nustatytos mažesnės įlinkių reikšmės. Pasiūlyto modelio 

tikslumas P-50 sijai: R2 – 0,99 ir RSME – 0,12 mm. Modelio tikslumas P-80 sijai: R2 – 1,00 

ir RMSE – 0,24 mm. Kitais modeliais gautos R2 reikšmės svyravo 0,92-0,98 ir RMSE 

buvo intervale 0,48-0,66 mm.  
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S3.6 pav. Sijų P jungties elgsenos eksperimentinės ir analitinės kreivės 

S3.1 lentelė. Sijų P traukumo deformacijų reikšmės 

Sija 
1,  

  

2 ,  

   

1.0 ,    

  

2. ,s  

   

2. ,  r  

  

2. ,c  

   

2. ,  t  

  

2. ,y  

   

1. ,  t  

  

,s  

  

,  sh  

MPa 

P-50 843 753 751 128 286 24 315 206 93 113 0,56 

P-80 843 753 751 112 286 24 331 214 93 121 0,60 

 

S3.2 lentelė. Sijų P jungties šlyties standumo reikšmės 

Sija  , MPa s , mm 
effG , GPa 

0 A B C D 0 A B C D 0 A B C D 

P-50 0 0,4 0,5 0,4 0,6 0 0 0,1 0,9 6,0 8,7 8,7 4,0 0,4 0,1 

P-80 0 0,5 0,9 0,6 0,9 0 0 0,1 0,9 6,0 8,7 8,7 6,7 0,6 0,1 

 

 

S3.7 pav. Sijų P eksperimentinės ir analitinės įlinkių kreivės 

Bendrosios išvados 

1. Darbe pabrėžiama, kad analizuojant sluoksniuotus lenkiamus gelžbetoninius  

elementus reikia vertinti jungties šlyties standumą. Esamų jungties šlyties stan-

dumo modelių kiekis yra nepakankamas, modeliuose nevertinamos kelios jung-

ties elgsenos stadijos ir sluoksnių susitraukimo skirtumo efektas. Be to, daugelis 
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sluoksniuotos konstrukcijos lenkiamojo standumo modelių nevertina dalinio 

jungties standumo. 

2. Disertacijoje pateikiamas naujas jungties šlyties standumo modelis. Modelis a-

pibūdina jungties šlyties įtempio ir sluoksnių pasislinkimo priklausomybę ketu-

riomis jungties elgsenos stadijomis, vertina sluoksnių susitraukimo skirtumo  

efektą ir daugelį jungties charakteristikų: betono stipris, inkarų stipris, inkarų 

koeficientas, jungties šiurkštumas ir kt. Papildomiems jungties šlyties įtem-

piams, atsirandantiems dėl sluoksnių susitraukimo skirtumo, įvertinti sukurtas 

naujas modelis. 

3. Darbe pateikiamas naujas sluoksniuotų gelžbetoninių konstrukcijų lenkiamojo 

standumo modelis, pagrįstas sudėtinių sluoksnių teorija. Jame vertinamas dalinis 

jungties šlyties standumas. Modelyje naudojamos jungties šlyties standumo ver-

tės nustatomos naujuoju jungties šlyties standumo modeliu. 

4. Disertacijoje pristatomas skaitinis sluoksniuotos gelžbetoninės plokštės su plas-

tiko intarpais baigtinių elementų modelis. Rezultatai parodė, kad jungties defor-

macija sukelia normalinių ir šlyties įtempių persiskirstymą elemente, sumažina-

mas kompozitinis sluoksnių darbas ir suintensyvėja sluoksnių pleišėjimas. 

Nustatyta, kad įtempių koncentracijos yra didesnės šalia intarpų tuštumų ir ma-

žesnės betono sienelėse. 

5. Atlikus eksperimentinius jungties šlyties tyrimus, padaryta išvada, kad jungties 

inkarų posvyris ir jungties šiurkštumas (geometrija) turi didelę įtaką jungties šly-

ties atsparumui ir standumui. Nustatytas dėsnis dėl jungties inkarų išdėstymo: 

kuo didesnis inkarų posvyris jungties šlyties jėgos kryptimi, tuo didesnis jungties 

atsparumas šlyčiai ir standumas. 

6. Eksperimentinių sluoksniuotų sijų bandymų rezultatai parodė, kad (panašiai kaip 

jungties šlyties bandiniuose) sijų jungtys, kurių inkarai buvo labiausiai pasvirę 

jungties šlyties jėgos kryptimi, pasiekė didžiausią atsparumą šlyčiai ir standumą. 

Tokios sijos pasiekė didžiausią lenkiamąją galią ir standumą. Sijos su stipresnė-

mis jungtimis patyrė žymesnį pleišėjimą normaliniame pjūvyje, o sijos su silp-

nesnėmis jungtimis pleišėjo mažiau. Be to, sijos su storesniais apatiniais sluoks-

niais pasiekė didesnę lenkiamąją galią ir standumą. 

7. Nustatyta, kad eksperimentinės sluoksniuotos gelžbetoninės plokštės su plasti-

kiniais intarpais suiro normaliniame pjūvyje. Tačiau bandymų metu taip pat pas-

tebėtas jungties pleišėjimas ir sluoksnių pasislinkimas. 

8. Siūlomas analitinis metodas validuotas lyginant analitinių skaičiavimų rezulta-

tus su eksperimentinės ir skaitinės analizės rezultatais. Naujasis metodas pade-

monstravo didesnį sutapimą nei literatūroje esantys modeliai. Nustatytos jung-

ties šlyties įtempių-sluoksnių priklausomybės ir įlinkių reikšmės tinkamai 

atspindėjo eksperimentinę elgseną, patvirtindamos, kad metodas yra veiksmin-

gas analizuojant sluoksniuotus lenkiamus gelžbetoninius elementus. 
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Annexes 

Annex A. Push-Off Specimen Characteristics 
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Annex A. Push-Off Specimen Characteristics 

Table A.1. Physical characteristics of experimental push-off specimens from the litera-

ture, used for the creation of the proposed interface shear stiffness model. 

 

Authors 

Number 

of spe-

cimens 

Interface 

roughness 

Concrete comp-

ressive strength 

fc, MPa 

(first/second 

layer) 

Connector 

yield 

strength 

fy, MPa 

Co-

nnector 

ratio ρ 

Connector 

diameter 

φ, mm 

Fang 

et al., 

2020 

9 Smooth 31.84-49.13/65 
285.13-

418.98 

0.0080-

0.0180 
8-12 

Figueira 

et al., 

2016 

3 Smooth 
65.50-

69.50/43.60-44.80 
605.40 0.0107 8 

Júlio 

et al., 

2010 

4 Smooth 43.00/43.00 443.00 
0-

0.0035 
6 

Liu et al., 

2021 
9 Smooth 

25.80-

55.60/19.80-51.00 

451.00-

645.00 
0.0050 8 

Liu et al., 

2019 
10 Smooth 83.10/71.70 446.00 0.0050 8 

Shaw & 

Sneed, 

2014 

6 Smooth 
33.51-

52.06/33.51-52.06 
456.00 0.0133 10 

Sneed et. 

al., 2016 
6 

Smooth, 

rough 

32.89-

38.40/32.89-38.40 
498.00 

0.0090-

0.0130 
10 

Barbosa 

et. al. 

2017 

4 Rough 28.20/31.30 
420.00-

550.00 

0.0041-

0.0064 
13-16 

Mohamad 

& Ibra-

him, 2015 

8 Smooth 
36.45-

37.98/23.45-24.30 
250.00 0.0057 6 

Scott, 

2010 
9 

Smooth, 

rough 

53.64-

76.53/42.40-43.09 
- - - 

Semen-

dary et. 

al., 2020 

2 Rough 63.00/136.00 - - - 

Crane, 

2010 
2 Smooth 

200.00/84.40-

200.00 
- - - 
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